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ALGEBRAIC CYCLES AND CRYSTALLINE COHOMOLOGY 


AMALENDU KRISHNA AND JINHYUN PARK 

Abstract. We show that additive higher Chow groups on smooth varieties 
over a field of characteristic p ^ 2 induce a Zariski sheaf of pro-differential 
graded algebras, whose Milnor range is isomorphic to the Zariski sheaf of the 
big de Rham-Witt complexes of L. Hesselholt and I. Madsen. When p > 2, 
the Zariski hypercohomology of the p-typical part of the sheaves arising from 
additive higher Chow groups computes the crystalline cohomology of smooth 
varieties. This revisits the 1970s results of S. Bloch and L. Illusie on crystalline 
cohomology. 


1. Introduction 

One of the aims of this paper is to build a bridge between two different worlds, 
where S. Bloch had made fundamental contributions decades ago: at one end is 
the world of crystalline cohomology of P. Berthelot [5] of smooth varieties over a 
perfect held k of characteristic p > 0. This is computable via parts of Quillen 
relative higher algebraic iC-groups of certain nilpotent schemes as shown in [1]. At 
the other end is the world of algebraic cycles, in particular higher Chow groups [5] 
which give the motivic cohomology theory for smooth fc-schemes. Sure, the cycle 
class maps from the motivic cohomology to crystalline cohomology do provide a 
bridge of certain kind, but what we are after here is not this sort of Hodge-Tate type 
question. We ask whether there is a way to construct the crystalline cohomology 
itself from groups arising from algebraic cycles. 

This might sound odd to some people, but several works indicate that this is 
plausible. In the 1970s, L. Illusie [20] proved that the crystalline cohomology is 
computable as hypercohomology of the p-typical de Rham-Witt complexes that are 
isomorphic to the p-typical curves of S. Bloch in [1]. The p-typical de Rham-Witt 
complexes were generalized to the “multi-prime” big de Rham-Witt complexes 
Wmfix tiy L. Hesselholt and I. Madsen in |T^ in the 1990s. More recently, in the 
2000s, S. Bloch and H. Esnault |H] and K. Riilling [H] proved that for X = Spec (fc), 
the big de Rham-Witt complex comes from algebraic cycles, via the (cubical) 
additive higher Chow groups of 0-cycles. 

Back then, we did not know much about the additive higher Chow groups, 
but during the past several years they were developed and studied from various 
perspectives (see [22], [26], [27], [28], [29], [37], [38] )• Based on these recent devel¬ 
opments, this paper attempts to go back to the question on describing the big de 
Rham-Witt complexes from additive higher Chow groups. 
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Our main result below is a generalization of the theorem of K. Riilling [H] as 
well as the additive analogue of results of P. Elbaz-Vincent and S. Miiller-Stach 
imi. M. Kerz m. and M. Kerz and S. Muller-Stach pg. A good part of it is 
stated as Theorem 14.2.21 

Theorem 1.0.1. Let k he any field of characteristic p ^ 2. Let R be a regular 
semi-local k-algebra essentially of finite type. Then for all n,m > 1, we have 
isomorphisms between the big de Rham- Witt forms and the additive higher Chow 
groups 

(1.1) ■■ 4 TCH"(R,u;m). 

In particular, the additive higher Chow groups of Spec {R) in the Milnor range 
form the universal restricted Witt-complex over R. 

Using Theorem 11.0.11 one can identify the Zariski sheaf of big de Rham-Witt 
complexes with the Zariski sheafification of a presheaf constructed from additive 
higher Chow groups in the Milnor range. All sections of the paper, other than 
1|T3|, which discusses some applications, are devoted to proving this theorem. In 
1|2] and l|3l we recall the dehnitions of various objects and some basic results we 
use. In dH we recall the construction of the maps and show that is 
injective. The remaining surjectivity part of is more challenging, and (13 ~ 
[12] are all about it. We hrst show in (|5] 13 that every class in TCH"'(i?, u; m) 

can be represented by a cycle whose supports are all hnite and surjective over 
R. If we denote the subgroup of such cycle classes as TCHj^(R, n; m), then we 
have TCII”g(R, u; m) ^ TCII”(R, n; m). We go further in (|8]~[TT]to show that 
the cycle classes in TCII^(i?, n; m) can be represented by cycles that have addi¬ 
tional smoothness properties. The subgroup of such cycle classes is denoted by 
TCHgfg(i?, u; m). The following, stated as Theorem 15.2.31 summarizes this: 

Theorem 1.0.2. Let k he an arbitrary field and let R he a smooth semi-local 
k-algebra of geometric type. Then 

TCH”fe(R,n;m) ^ TCRl{R,n;m) ^ TCH"(R,n;m). 

Here, “of geometric type” means, as in Dehnition 12.4.21 it is localized at a finite 
set of closed points of a finite type /c-scheme. Using this and some other results, 
we can reduce every cycle class of TCH”(i?, n;m) to a sum of special types of 
cycles, that we call Witt-Milnor graph cycles or symbolic cycles, over an extension 
ring R' over R. Unlike the case of higher Chow groups of regular semi-local k- 
schemes studied in HD] and [2S], where they can use the pre-existing norm maps 
for Milnor A'-groups, this does not yet solve our surjectivity problem, especially 
due to lack of the construction of the trace maps on the big de Rham-Witt forms 
for suitable finite extensions of rings. Our approach is to use the map and the 
groups TCH"'(R, n; m) to define the notion of “traceability” for forms in 
where R' is a finite simple ring extension of R. We use the Witt-complex structure 
of the additive higher Chow groups as proven in [32] to show that all forms in 
are traceable. We can then deduce the desired surjectivity of using 
an induction argument. In ^131 we discuss applications of Theorem 11.0. II We list 
some of them: 
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Theorem 1.0.3. Let k be a perfect field of characteristic 7 ^ 2. Let R be a regular 
semi-local k-algebra essentially of finite type. Then the additive higher Chow groups 
of R in the Milnor range satisfy the Gersten conjecture in the sense that the Cousin 
complex is a fiasgue resolution. In particular, when K = Frac(i?), the flat pull-back 
map TCH”(i?, n;m) —>■ TCH”(iF, n;m) is injective. 

A combination of Theorem 11.0. II and [HI Theorem C] yields the following etale 
descent for the additive higher Chow groups of regular semi-local rings in the 
Milnor range: 

Theorem 1.0.4. Let k be a field of characteristic 7 ^ 2. Let R ^ R' be an etale 
extension of regular semi-local k-algebras essentially of finite type. Then the map 
Wm{R') TCH"'(i?, n; m) —)■ TCH"'(i?', n; m) is an isomorphism ofWm{R')- 

modules for n,m > 1 . 

Using the decomposition of the big de Rham-Witt forms into the direct sum 
of p-typical de Rham-Witt forms and [201 Proposition 1.3.7], we get the following 
vanishing result for the additive higher Chow groups of high codimension, where 
the case of Spec {k) was previously shown in [4T| : 

Theorem 1.0.5. Let k be a perfect field of characteristic p > 2 and let R be 
a regular semi-local k-algebra essentially of finite type of dimension d. Then 
TCH"'(/?, n; m) = 0 for m > 1 and n > d 1. Moreover, the Frobenius map 
F : TCH'^^^(R, d+ !;•) TCH'^’''^(i?, d-\- !;•) is an isomorphism of pro-abelian 

groups. In particular TCH^(/c, 1; m) ~ Wm{k) and TCH"'(A;, n; m) = 0 for n> 1. 

At the global level, we can use Theorem II. 0.11 to prove the existence of the 
trace maps on the big de Rham-Witt forms for hnite ring extensions of regular 
fc-algebras, by way of push-forwards of additive higher Chow cycles: 

Theorem 1.0.6. Let k be a field of characteristic 7 ^ 2. Then for any finite ring 
extension R G R' of regular k-algebras essentially of finite type, there exists a 
trace map Tr jii/r : Wm^R/ —^ ^m^R, which is transitive, and compatible with the 
push-forward of additive higher Chow cycles, i.e., the diagram commutes: 


( 1 . 2 ) 


^TCH^(R', n; m) 


Tr 


R'/R 

-^TCH”(R, n; m). 


Combining Theorem 11.0. II with the main theorem of [20] , we obtain: 

Theorem 1.0.7. Let X be a smooth scheme of finite type over a perfect field k of 
characteristic p > 2. Then for n > 0, there is a canonical isomorphism 

i 

where pfl Zar is the Zariski sheafification of the i-th level of the p-typical 

part of the additive higher Chow presheaf in the Milnor range as in fl3.7p . 
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Since the group on the right hand side originates from objects defined in terms of 
algebraic cycles, in a sense this isomorphism gives an algebraic-cycle description of 
the crystalline cohomology groups. In |1], the crystalline cohomology groups were 
described by the hypercohomology of some complexes of sheaves given in terms 
of some relative algebraic it'-groups, while one of the insights in the development 
of additive higher Chow groups comes from the desire to describe such relative 

-groups in terms of algebraic cycles. 

In fact, using Theorem 11.0.21 and some results of [20], it is possible to show that 
for a smooth projective scheme X over a field of characteristic p > 2, there is a 
canonical map from p'')za.r to Bloch’s chain complex of Zariski sheaves, 

which is a quasi-isomorphism if dim(X) < p. This would yield an analogue of 
Theorem 11.0.71 where is replaced by the hypercohomology of Bloch’s 

complex. We wish to come back to it in a different project. 

Another consequence of Theorems II. 0.11 and 11.0.71 is that the open Problem 1 of 
[H §IV] has a positive solution, if we replace the relative iP-theory of Bloch 

by the complex of additive higher Chow groups TCII^(i?;m). 

Conventions. In this paper, a /c-scheme is a separated scheme of hnite type 
over /c, unless we say otherwise. A fc-variety is a reduced fc-scheme. The product 
X X Y means usually X x^Y, unless we specify otherwise. We let Sch^ be the 
category of fc-schemes, Reg^ of regular fc-schemes, Sm^ of smooth /c-schemes, 
and SmAfffc of smooth affine fc-schemes. A scheme essentially of finite type is 
a scheme obtained by localizing at a finite subset (including 0) of a finite type 
fc-scheme. For C = Sch^, Reg^, Sm^, SmAff^, we let C®®® be the extension of the 
category C, whose objects are obtained by localizing an object of C at a finite 
subset (including 0). When we say a semi-local fc-scheme, we always mean one 
that is essentially of finite type over k, unless said otherwise. 

N.B. In this paper, each section begins with an assumption on the base field k 
that prevails in the section or in some following sections. However, if a following 
section declares an exception, then the exception prevails. We tried to minimize 
such exceptions to avoid potential confusions. 

2. Basic results on additive higher Chow groups 

Let k be any field. In this section, we recall definitions of higher Chow groups 
and additive higher Chow groups, and establish some basic results we need. 

2.1. Higher Chow groups. We recall (c/. [S], [S]) the definition of higher Chow 
groups. Let X G Sch^®® be equidimensional. Let = Proj/c[yo, and = 
(P^ \ {1})”. Let {yi, • • • , i/n) e be the coordinates. A face of is a closed 
subscheme defined by a set of equations of the form i/jj = ei, • • • , = e*, where 

Cj G {0, cxd}. For 1 < i < n and e = 0, cx 3 , we let i\ : —)■ be the closed 

immersion given by (i/i, • • • , pn-i) ^ (|/i, • • • , Vi-i, , yn-i)- Its image gives 

a codimension 1 face. 

Let q,n > 0. Let Y^{X, n) be the free abelian group on the set of integral closed 
subschemes of X x \YY of codimension g, that intersect properly with X x F for 
each face F of We define the boundary map dl{Z) := [(Idx x <.-)*(Z)]. This 
collection of data gives a cubical abelian group (n ha z‘^{X,n)) in the sense of 
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[261 §1.1], and the groups z^{X,n) := n)/^'^(X,?T,)degn (in the notations of 

loc.cit.) give a complex of abelian groups, whose boundary map at level n is given 
by d := homology CH'^(X, n) := H„(z'?(X, •), d) is called 

the higher Chow group of X. 


2.2. Additive higher Chow groups. We recall the dehnition of additive higher 
Chow groups from [29l §2]. Let X G Sch^®® be equidimensional. Let = Spec fc[f], 
Gm = Spec/c[t, and □ = P^. For n > 1, let Bn = x Bn = A^ x 

and = P^ X D Bn- Let {t, i/i, • • • , Vn-i) G Bn be the coordinates. 

On Bn, dehne the Cartier divisors FG := {i/j = 1} for 1 < z < n — 1, F„ o := 
{t = 0}, and let := FF, A face of Bn is a closed subscheme dehned 

by a set of equations of the form i/i^ = ei, • • • where Cj G {0, cx)}. For 

1 < z < n — 1 and e = 0 , cx), let ■ Sn-i Bn be the inclusion (f, z/i, • • • , yn- 2 ) t 
(t, z/i, • • • , Vi-i, e, z/j, • • • , yn- 2 )- Its image is a codimension 1 face. 

The additive higher Chow complex is dehned similarly using the spaces Bn 
instead of but other than proper intersections with all faces, we impose addi¬ 
tional conditions called the modulus conditions^ that control how the cycles should 
behave at “inhnity”: 

Definition 2.2.1 ([29l Dehnition 2.1]). Let A be a fc-scheme, and let V be an 
integral closed subscheme of A x Bn- Let V denote the Zariski closure of V in 
A X Bn and let z/: C —)■ C C A x Bn be the normalization of V. Let m,n > 1 
be integers. We say that V satishes the modulus m condition on A x B^ if as 
Weil divisors on we have (m -|- l)[z/*(F„^o)] < W*iFn)]- (N.B. When zz = 1, we 
have Ff = 0, so it means zz*(Fi 0 ) = 0, or {f = 0} fl C = 0.) If C is a cycle on 
X X Bn, we say that V satishes the modulus m condition if each of its irreducible 
components satishes the modulus m condition. When m is understood, often we 
just say that V satishes the modulus condition. N.B. Since Fnfl = {f = 0} C Bn, 
replacing Bn by Bn in the dehnition does not change the nature of the modulus 
condition on V. 

Definition 2.2.2 ([2S1 Dehnition 2.5]). Let A G Sch^®®, and let r,m,n ^ 7^ with 
m,n > 1. 

(0) Tz^(A, l;m) is the free abelian group on integral closed subschemes Z of 
A X A^ of dimension r, satisfying the modulus condition. 

For n > 1, Tz^X, n; m) is the free abelian group on integral closed 
subschemes Z of A x Bn of dimension r -|- n — 1 such that: 

(1) For each face F of Bn, Z intersects X x F properly on A x Bn- 

(2) Z satishes the modulus m condition on A x Bn- 

For each 1 < z < n — 1 and e = 0, cxo, let dl{Z) := [(Idx x if f)*{Z)]. The 
proper intersection with faces ensures that dl{Z) are well-dehned. 

The cycles in Tz^(A, n\ m) are called the admissible cycles (or, often as additive 
higher Chow cycles, or additive cycles). When the scheme A is equidimensional 
of dimension d over k, we write for q > 0, Tz'^fA, n; m) := Tz^^^_g(A, zz; zzz). 
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This gives the cubical abelian group (n e-)■ Tz'^fX, u + 1; m)) in the sense of [26l 
§1.1]. Using the containment lemma [271 Proposition 2.4], that each face d^{Z) lies 
in TZr(2f, n — l;m) is implied from (1) and (2). 

Definition 2.2.3 ([29l Dehnition 2.6]). Let X G Sch^®® be equidimensional. The 
additive higher Chow complex, or just the additive cycle complex, Tz^[X,*-,m) of 
X in codimension q with modulus m is the nondegenerate complex associated to 
the cubical abelian group (n i—)■ Tz^fX, n+1; m)), i.e., Tz'^(X, n; m) is the quotient 
n; m)/Tz'^('X, n; m)degn- 

The boundary map of this complex at level n is given by d := ~ 

5°), and it satisfies = 0. The homology TCH'^(X, n; m) := H„(Tz^(X, •; m)) for 
n > 1 is the additive higher Chow group of X with modulus m. 

2.3. Subcomplexes associated to some algebraic subsets. Let X G Sch^®® 
be equidimensional. Here are some subgroups of Tz^(X, n) with a hner intersection 
property with a given finite set W of locally closed algebraic subsets of X: 

Definition 2.3.1 (c/. [271 Definition 4.2]). Define Tz^(X,n;m) to be the sub¬ 
group of Tz^(X, n;m) generated by integral closed subschemes Z <Z X x that 
additionally satisfy 

(2.1) codimvi/xF(-Z^ H {W x F)) > q for all lU G W and all faces F C 

The groups Tz^(X, n-f 1; m) forn > 0 form a cubical subgroup of (n i—)■ Tz'^fX, n+ 
1; m)) and they give the subcomplex Tz^(X, •; m) C Tz'^(X, •; m) by modding out 
by the degenerate cycles. The homology groups are denoted by TCH^(X, n;m). 

2.4. Some properties. Recall that (c/. [T2| §2.2]) we say a scheme X is an FA- 
scheme if given any hnite subset S C X, there exists an affine open subset U <Z X 
such that T, <Z U. We have the following (loc.cit.): 

Lemma 2.4.1. Any quasi-projective k-scheme is FA. Any open subset of an FA- 
scheme is FA. Civen any finite subset S o/ a quasi-projective k-scheme, and an 
open subset U <Z X containing S, there exists an affine open subset W <Z U 
containing S. 

Definition 2.4.2. Recall a semi-local fc-algebra R is essentially of finite type if 
there is a connected quasi-projective fc-scheme X = Spec (A) of hnite type over k 
and a hnite set of (not necessarily closed) points S of X such that R = Ox,e- We 
say that it is of geometric type if S consists of only closed points. The pair (X, S) 
will be called an atlas for V = Spec (R). An affine open subatlas (Y, S) of (X, S) 
for V is an atlas for V such that Y C X is an affine open subset. 

By Lemma 12.4.11 for any semi-local /c-algebra R essentially of hnite type, we 
always have an atlas {U, S), where U is affine. We recall the following result from 
[32] Lemmas 4.13, 4.14] used in this paper: 

Lemma 2.4.3. Let V = Spec (R) be a semi-local k-scheme essentially of finite 
type with a finite set of points S. Let m,n,q > 1 and let a G Tz'^(l/,u;m) be a 
cycle. Then there exists an atlas (X, S) for V and a cycle a G Tz^(X, n;m) such 
that ay = a. If d{a) = 0, we can assume that d(a) =0. If a E Tz|.(l/, n;m), 
then a is necessarily in Tz|.(X, n;m). 
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The following results will be used later to deal with the case when k is an 
imperfect held. Recall from m Lemma 2.2]: 

Lemma 2.4.4. Let f : Y ^ X be a surjective map of normal integral k-schemes. 
Let D be a Cartier divisor on X such that f*{D) > 0 on Y. Then D > 0 on X. 

Lemma 2.4.5. Let k K be an extension of fields. Let X : R ^ R' be a faithfully 
flat morphism of noetherian k-algebras such that K ^ R'. Let X = Spec (i?) 
and X' = Spec(R'). Then the induced map of schemes X' Xk Xk —>■ 
X XkAi Xfc is also faithfully flat. 

Proof. Since the statement of the lemma is local on X x^. , we can 

replace ~ by A^“^. The problem then reduces to showing that the map 
R[t,yi,--- ,2/n-i] —^ yVn-i] IS faithfully hat. This is obvious because 

R —)■ R' is faithfully hat. □ 


Lemma 2.4.6. Let k ^ K be afield extension, not necessarily finitely generated, 
and let A be a K-algebra essentially of finite type. Let be a direct system of 

k-algebras essentially of finite type such that each map \i : Ai ^ Aj+i is faithfully 
flat, and we have hi^.Aj = A. Then the flat pull-back of additive higher Chow 

groups induces an isomorphism li^. TCH^(Aj,n;m) ^ ACYY{A,n]m). 


Proof. Since the homology functor commutes with the direct limit, it suffices to 
show that the lemma holds at the level of cycles complexes. We set Vi = Spec {Af) 
and V = Spec (A). Let A' : Aj —)■ A be the natural map. Notice that A' is also 
faithfully hat. This can be easily checked using the fact that a direct limit of hat 
modules is hat, and an Aj-module M is faithfully hat if and only if it is hat and 
mM f 0 for every nonzero maximal ideal m C Aj (see |3Sl Theorem 7.2]). 

The injectivity of the map 1^. Tz'^(Vi, •; m) —)■ AtLIV, •; m) is obvious. To show 
its surjectivity, let Z G Tz'^(l/, n;m) be an irreducible admissible cycle and let 

Z <Z V Xk A)f Xk ^ be its Zariski closure and vz '■ Z V Xk A)^ x ^ 
the normalization map. Since each of fi := Spec (Aj) : f7+i —^ Vi and f[ : = 
Spec (A') : V —)■ Vi is faithfully hat, by Lemma 12.4.51 the product maps fi : 
l/.+iXfcA^Xfcnr' ^ VXkAlx,D^~\ndf' : VxkA^Xk^'' ^ Vx^Alx^O^'' 
are faithfully hat maps of noetherian fc-schemes. 

Since V = 1^^ V, it follows from the above faithfully hatness that there exists 

i S> 0 and an irreducible cycle Zi V x^ Al x^ such that {ffi*{Zi) = Z 
and Zi := Zi fl {V x^Al Xj, e z^iV x^ Afin- 1). 

Since the right square in the commutative diagram below 


( 2 . 2 ) 


■n—1 


- 4 - 1 / Xk Ak Xk 4 


fl 



> Ri Xfc A^ Xfc ^ 4 - Wi XkAlxkUl ^ 


■^VxKAfixKDf-^ 


is Cartesian, we must have Z = (f')*(Zi). 
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Since // is faithfully flat, it follows that Z = {fl)*{Zi) —)• Zi is also faithfully flat. 

—JV —N 

In particular, it is surjective. We conclude that the induced map Z —)■ Zj on the 
normalizations is also surjective. Since Z satishes the modulus condition, we can 
now apply Lemma 12.4.41 to conclude that Zi too satishes the modulus condition 
and hence it is in Tz'^(Vi, n; m). This hnishes the proof. □ 

We use the following later: 

Proposition 2.4.7. Let R be a smooth k-algebra essentially of finite type. Then 
there is a natural cap product map 

Hr : TCH''(/2, n- m) n') TCHP+''(i?, n + n'; m), 

that commutes with the pull-back and push-forward whenever they exist. This is 
given by a Dub = Ah(a x C(^)), where Ah is the pull-back via the diagonal map 
Ar : Spec (R) Spec (R) x Spec (R). 

Proof. This is an immediate consequence of [311 Theorem 3.12]. □ 

3. MILNOR il-GROUPS AND DE RHAM-WITT COMPLEXES 

Let k be any held. In this section, we recall the dehnitions of Milnor R-groups, 
rings of big Witt vectors, and big de Rham-Witt complexes, and discuss some 
properties we need. 

3.1. Milnor iL-groups. Let i? be a commutative ring with unity. Recall that the 
Milnor R-ring K^{R) of R is the quotient T^{R^)/I of the tensor algebra by the 
two-sided ideal I generated by {a (8) (1 — a) | a G R^, 1 — a G R^}. Its degree 
n-part is K^{R) and {oi, • • • , a„} is the image of Oi (8) • • • (8) a„, where ai G R^ . 

3.2. Rings of Witt-vectors. Let R be a commutative ring with unity. Recall 
the dehnition of the rings of big Witt-vectors of R from im Appendix A]. A 
truncation set S G N is a. nonempty subset such that if s G S' and f|s, then 
t G S'. As a set, let Ws{R) ■= R^ and dehne the map w : WsiR) R^, 

_ s 

a = {as)s<£S t w{a) = {w{a)s)ses, where w{a)s ■= ■ When R^ on the 

target of w is given the component-wise ring structure, it is known that there is a 
unique functorial ring structure on Ws{R) such that w is a ring homomorphism. 
See [IHl Proposition 1.2]. For two truncation sets S C S', there is a restriction 
91 : Ws'{R) Ws(R). When S = {1, • • • ,m}, we write W^(R) = Ws(R). For 
a hxed prime number p, when S = {l,p,p^,---} and Sj = {l,p, ••• we 

write W{R) = Ws{R) and Wi{R) = W 5 .(R). They are the p-typical rings of Witt 
vectors. 

There is another description of the ring Ws{R). Let W(R) := Wfi(R). There 
is a natural bijection W(R) ~ (1 -|- TR[[T]])^, where T is an indeterminate and 
the addition of the ring W(R) corresponds to the multiplication of the formal 
power series. For a truncation set S, we have WsiR) = (1 -|- TR[[T]])^/Is for a 
suitable subgroup Is- See [HI A.7] for details. In case S' = {1, • • • ,m}, we have 
an isomorphism 

m 

(3.1) 7:W^(R)~(1 + TR[[T]])7(1 + T”^+'R[[T]])^ (a,)i<,<^ ^ J](1-a,r) 

i=l 
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There is the Teichmiiller lift map [—js : i? —)■ Ws{R) given by a i—)■ 1 — aT, which 
is a multiplicative map. If S' = {1, • • • , m}, we write [—]m for [—js- For each i > I, 
we have the f-th Verschiebung Vi given by Vi{\a]\jn/i\) = (1 — oF*), where for a 
non-negative real number x, one denotes by [xj the greatest integer not bigger 
than X. By im Properties A.4(i)], for x = (xi) G Wm(R), we have 


m 



(3.2) 


3.3. De Rham-Witt complexes. Let R be a Z(p)-algebra for a prime p. (N.B. 
If R is a iL-algebra for a held K, whether its characteristic is 0 or positive, this is 
always a Z(p)-algebra for some p.) For each truncation set S, there is a differential 
graded algebra called the big de Rham-Witt complex over R, which dehnes 

a functor on the category of truncation sets. This is an initial object in the category 
of R-complex and in the category of Witt-complexes over R. For its rigorous 
dehnition, see ini, |18] . or [H]. In case S is a hnite truncation set, we have 

'''^here N* is a differential graded ideal given by some 
generators. See im Proposition 1.2] for details. In case S = {1,2, ••• ,m}, we 
write for this object. For a prime number p, when S = {l,p,p‘^, • • • } and 

Si = {l,p, • • • we write and They are the 

p-typical de Rham-Witt complexes. 

We recall from ini Dehnition 1.1.1] that a restricted Witt-complex over i? is a 
pro-system of diherential graded Z-algebras {{Em)mm-, ^ • Rm+i —t Em), together 
with families of homomorphisms of graded rings {E^ : E^m+r-i Rm)m,rm called 
Frobenius maps, and homomorphisms of graded groups (K- : Em —t Erm+r-i)m,rm 
called Verschiebung maps, satisfying the following relations for all n,r,s & N: 



(ii) ErVr = r. When (r, s) = 1, then ErVg = VgEr on Erm+r-i, 

(hi) Vr{Er{x)y) = xVr{y) for all x G Erm+r-i and y G Em', (projection formula) 

(iv) ErdVr = d (where d is the diherential of the DGAs). 

Furthermore, there is a homomorphism of pro-rings (A : Wm{R) —t F^)]j)meN that 
commutes with Er and W, and we have 

(v) ErdX{[a]) = A([a]^“^)(iA([a]) for all a G i? and r G N, 

where [a] is the Teichmuller lift in Wm{R) of a E R. 

The system is the initial object in the category of restricted Witt- 

complexes over R. See m Proposition 1.15]. 

3.4. The presheaf TCR. Recall from [32] that the additive higher Chow groups 
T^mi^) = TCII^(X,n;m) give a presheaf on SmAff^, by using [22|. We have 
further extensions of these presheaves on Sch^ dehned as follows, motivated while 
working on [30] : 

Definition 3.4.1 ([32l §4.4]). Let X G Sch^. The functor T^m ■ SmAff^^ 
(Ab) induces the functor : {X j, SmAfffc)°P —)■ (Ab). Here, {X j, SmAff^) 
is the category whose objects are the fc-morphisms X m A, with A G SmAff^, 
and a morphism from hi : X m A to h 2 '■ X ^ B, with A,Be SmAff^ is given 
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by a fc-morphism g : A ^ B such that g o hi = h 2 . It is cohltered. Dehne 

(3.3) TCW(X, n-m) := colim 

Ae(AiSmAfffe)°P 

By [32l Proposition 4.8], we know n; m) is a presheaf on Srrifc and Sch^. 

In particular, the same holds for ;p*). There is a natural homomorphism 

ax '■ TC'H^{X,n]m) —?• TCH'^(X,n;m), that becomes an isomorphism for X G 

SmAffr- 

For X G Schfc, one dehnes Wmflx exactly as we dehned TCW{X, n] m) in 
fl3.3p . For each Spec (i?) G SmAff^®®, we have a natural homomorphism : 

t TCH”(i?, n;m) of restricted Witt-complexes (see [32l Theorem 7.11]). 
So, by taking the colimits over cohm(x 4 ,smAfffc)°p and the Zariski sheahhcations on 
Schfc, we obtain a morphism of Zariski sheaves TC'H"(—, n; m)zar 

on Schfc, in particular on its subcategory Reg^. The main theorem of the paper 
proven later implies that this map induces a stalk-wise isomorphism, so that the 
map Tn^m is an isomorphism of Zariski sheaves on Reg^i,. 

3.5. p-typical additive higher Chow groups. Let fc be a perfect held of char¬ 
acteristic p > 2. Let R be a regular fc-algebra essentially of hnite type. We 
know from [32l Theorem 1.2] that {TCH”'(R, n; m)}n,m>i has the structure of a re¬ 
stricted Witt-complex over R. We set TCH”^(R; oo) = Ifm ^ ^ TCI1”(R, n; m) and 

TCH^(R;cx)) = TCR^{R;oo). Then TCH"(R;cx)) is a differential graded 

W(R)-algebra with the compatible Frobenius and Verschiebung operators induced 
from those on {TCH”^(R, n; 

Recall from [U §1.3] that there is a projection W(R) W{R), where W{R) is 
the p-typical ring of Witt vectors, given by 

(3.4) . := ^ 

nel{p) 

where /(p) is the set of integers > 1 not divisible by p, and p{n) is the Mobius 
function. The projection vr gives an idempotent element e = Yin^iip) G 

W(R). In particular, every W(R)-module N has a canonical decomposition N = 
eA0(l — e)N. Applying this to TCH"(R; oo), we obtain the p-typical additive 
higher Chow groups 

(3.5) TCH5,,(Bip“) := e(TCH”(fli<x.)), TCH"(flip“) = 0 TCH;;,(fl;p“), 

n>l 

(3.6) TCH5.,(flip‘) := TCHJ,|(Bip“)/p‘. TCH" (fl;p‘) = TCH" (fl;p“)/p‘ 

where i > 0. It follows that each TCIl(),)(R;p°°) is an lF(R)-module. Since 
TCH'^(X,n;m) is a presheaf on SmAfffc, in particular T^-^{X) = TCH”p)(A;p*) 
gives presheaves on SmAff^ for 0 < i < oo. So, as in fl3.3p . we dehne for X G Sch^, 

(3.7) TCnX{X-f) := colim TCH7)(A;p*). 

' Ae(X4,SmAfffe)°P 
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We may also define exactly as in fl3.3p nsing the category (X I SmAfffc)°P. 

Here, and are the p-typical de Rham-Witt forms of 

Deligne and Illusie [20]. 

We nse the p-typical additive higher Chow gronps in 1 113.41 to present crystalline 
cohomology in terms of additive higher Chow gronps. 

4. Injectivity of the de Rham-Witt-Chow homomorphism 

In this section, we let fc be a perfect held of characteristic 7 ^ 2, nnless we say 
otherwise. 

4.1. Functoriality. Recall the following fnnctoriality resnlt: 

Proposition 4.1.1 ([32l Theorem 7.1, Proposition 7.3]). Let : R ^ R' be a 
finite map of regular k-algehras essentially of finite type and let f : Spec {R') —>■ 
Spec (i?) denote the induced map. Let n, m, r > 1 he integers. Then, the pull-back 
f* : TCH”(/?, n;m) —)■ TCH”'(i?', n; m) and the push-forward f,^ : TCH”(i?', n; m) —)■ 
TCH"(R, n;m) satisfy 

sr = rs-, fj* = rF^, w/* = n-, 

5 U = fj ; Frf . = f . Fr ; W/. = /.W. 

We discuss the following property of 

Lemma 4.1.2. Let f^ \ R ^ R' be a morphism of regular k-algebras essentially 
of finite type and let f : Spec {R') —?• Spec (R) be the induced map. Then f* o 
° /*(H) for all a e R. 

Proof. Let r(i_at) denote the cycle in TCH^(R, l;m) corresponding to the ideal 
(l-at) C R[t]. By the dehnition of = tr, we have f* orfi^rniio]) = /*([r(i-ai)])- 
Since /*([r(i_ai)]) = [r(i_jtt(a)i)] is an admissible cycle on Spec (R) xD, we conclude 
that /*([r(i_ai)]) = , which proves the lemma. □ 

Set TCH(R;m) = 0pg>QTCH^(R,p;m). Recall from [32] Theorem 1.2] that 
when k is a perfect held of characteristic 7 ^ 2, TCH(R; m) forms a restricted Witt- 
complex over R. We furthermore have: 

Theorem 4.1.3. Let k be a perfect field of characteristic 7 ^ 2. Let fF,R^R' be 
a morphism of regular k-algebras essentially of finite type and let f : Spec (R') —)■ 
Spec (R) be the induced map. Then f* : TCH(R; m) —)■ TCH(R'; m) is a morphism 
of restricted Witt-complexes over R. 

Proof. The theorem is equivalent to prove the following. 

( 1 ) f* commutes with the products. ( 2 ) f* commutes with the diherentials. 
(3) f* commutes with 91, R. and R. (4) f* commutes with Xr = tr. 

The item (3) is shown in [32l Theorem 7.1] and (4) is shown in Lemma 14.1.21 
We need to show (1) and (2). 

Set X = Spec (R) and X' = Spec (R'). To prove (1), it suffices to prove it for 
irreducible cycles. By [27] Proof of Theorem 7.1], there exists a hnite set W of 
locally closed subsets of X such that the map f* : Tz^(X, •;m) —)■ Tz'^(X', •;m), 
given by f*{[Z]) = [f~^{Z)], is well-dehned. Here, the group on the left of f* is 
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as in Definition 12.3.11 Choose an irreducible cycle [Z] G Tz^(X, •; m). We claim 
that there is a finite set C of locally closed subsets of X such that the following 
hold. 

(i) f* : Tz^(X, •; m) — ?• Tz^(X', •; m) is defined. 

(ii) [Z] S [Z'] e Tz|^^j(X X X, •;m) for all [Z'] G Tz^(X, •]m). 

(in) n[Z])mr{[Z’])e TzJa,,}(^' X for all [X] G Tz^(X,.;m). 

Let Zf he the (finite) collection {Zid (X' x x F)}, where Zi is an irreducible 
component of f*{[Z]) and F C is a face. It follows from Lemmas 3.5, 3.10] 
that there exists a finite collection W' of locally closed subsets of {X x x } 
such that for Tz^,(X, •■,m) in the sense of [2H1 Definition 5.3], we have 

(i) f* : Tz^,(X, •;/«) —>■ Tz|^(X',»;m) is well-defined. 

(ii) [Z] K [Z'] G Tz|^^j(X X X,.;m) for all [Z'] G Tz^,(X,«;m). 

(in) Zi K r{[Z']) G Tz5^^,j(X' X X', •;m) for all [Z'] G Tz^,(X, •;m) and all 
irreducible components Zi of f*{[Z]). 

Furthermore, it follows from Lemma 3.4] that there exists a finite collection 
C of locally closed subsets of X such that Tz^,(X, •; m) = Tz^,(X, •; m). Setting 
C = W U C', we get the proof of the claim. 

We now consider the commutative diagram 


(4.1) 


X' X A^ A X' X A^ X A^ %'X' X X' X Ai X A^ 
/ / fxf 


If we choose any irreducible cycle Z' G Tz^(X, •; m), then by the claim X*x{[Z] Kl 
[Z']) and X*x, o (/ x f)*{[Z] lEl [Z']) are admissible cycles, and the commutativity of 
the right square in fl4.ip shows that o (/ x f)*{[Z] Kl [Z']) = f*{A*x{[Z] Kl [Z'])). 

In particular, f* o A*x{[Z] Kl [Z']) is an admissible cycle. 

It follows now from [32l Corollary 5.10] that /i* o o (/ x f)*{[Z] Kl [Z']) and 
/i* o A3c o (/ X /)*([Z] [Z']) are admissible cycles. Since the left square in fl4.ip 

is transverse, we get 

= fi. o Ai o (/ X fYilZ] H [Z']) = nlZ]) ■ rdZ']). 

Finally, by |32l Theorem 4.10], the inclusions Tz^(X, •; m) ^ Tz'^(X, •; m) and 
Tz^(X, •;m) ^ Tz'^(X, •;m) are quasi-isomorphisms, and this shows (1). 

To prove (2), recall from |32l Definition 6.2] that the differential 6x '■ Tz'^(X, p; m) —?• 
Tz'^^^(X,p -|- l;m) is defined as the push-forward with respect to the map 5x '■ 

X X Gm X —)■ X X A^ X induced by the map 5 : Gm \ {1} —t Gm x □, 
5{x) = (x, a;“^). The point of this construction is that 6x*{[Z]) is an irreducible 
admissible cycle if Z is so, by [3^ Lemma 6.3, Proposition 6.4]. Since the square 

X' X G,„ X X' xh} X 

/ 

X X G^ X - 


/ 

X X A^ X 
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is transverse, it follows that Sx'* ° f*{[Z]) = f* o 6x*{[Z]) for every irreducible 
cycle [Z] E Tz^(X, •;m). We conclude again that f*oS = 6of* from the quasi¬ 
isomorphism Tz^(X, •; m) Tz'^(X, •; m). The proof of the theorem is complete. 

□ 


Corollary 4.1.4. Let f:R^R' be a morphism of regular k-algebras essentially 
of finite type and let f : Spec {R') —)• Spec (i?) be the induced map. Then the 
diagram 


(4.2) 


n- m) 

r , 

n- m) 


commutes for all integers m, n > 1. 


Proof. It is known that the left vertical arrow is a morphism of restricted Witt- 
complexes over R and we have seen in fl4.3|) that and are morphisms of 
restricted Witt-complexes over R and R', respectively, thus over R. By Theo¬ 
rem |4]T31 the right vertical arrow is also a morphism of restricted Witt-complexes 
over R. In particular f* o and o f* are both morphisms of restricted Witt- 
complexes over R. Since is the universal restricted Witt-complex over R, 

we must have f* o o f*. □ 


4.2. The de Rham-Witt-Chow homomorphism. When fc is a perfect held of 
characteristic ^ 2, it follows from [521 Theorem 1.2] that, for any regular fc-algebra 
R essentially of hnite type, the pro-system TCH^(R) = {TCH*(i?, is a 

restricted Witt-complex over R, in the sense of 1 13.3[ with respect to some operators, 
namely the restriction 91, the differential 6, the Frobenius Fr and the Verschiebung 
Vr for r > 1, and the ring homomorphisms Tr : Wm(R) —t TCH^(R, 1; m). See 
various dehnitions in [32]. Hence, the universal property of the big de Rham-Witt 
complex induces the system of homomorphisms for n, m > 1 

(4.3) ^ TCH"(R, n; m), = tr, 

that we would like to call the de Rham-Witt-Chow homomorphism. Since they give 
a morphism of restricted Witt-complexes over R, we deduce the following identities 
that we use often in this paper. 


(4.4) 


-A 


,d 


R H . 

W,rm+r—l^r 'i 


R 


^R 


F = F 

1 r J- r ' ri,rm+r—l' 


The second identity implies the following variation that we use, up to applying 91: 


(4.5) 

When /c is a held of characteristic p > 2, an application of the p-typicalization 
functor to fl4.3p yields the p-typical de Rham-Witt-Chow homomorphisms 

(4.6) and r",,,, : ^ TCHS,)(fi;p‘). 


We can improve [32l Theorem 1.2] for imperfect helds k as follows: 
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Proposition 4.2.1. Let k he any field of characteristic 7 ^ 2 and let A be a regular 
k-algehra essentially of finite type. Then, {ACY{^{A,n]m)}n,m>i has the structure 
of a restricted Witt-complex over A. 

Proof. We prove this theorem using Lemma [2.4.61 If k is perfect, then A is smooth 
over k and the proposition follows from [32l Theorem 1.2]. So suppose k is not 
perfect. We must then have char(A;) = p > 2. Since A is essentially of hnite type 
over k and is regular, we can find a regular fc-algebra A of finite type and a finite 
set S of primes in A such that A = A-£, the localization at S. 

We can find a subfield k' <Z k which is finitely generated over Fp, a A;'-algebra R 
of finite type, and a finite set S' of primes in R such that A = R®k' k and S is the 
extension of S'. Setting A' = Rsi, we see that A = A' k. Since A is a regular 
Fp-algebra and Fp is perfect, we see that A is geometrically regular over Fp. But 
the inclusion A' ^ A oi noetherian Fp-algebras is faithfully flat, thus the ring A' 
is also geometrically regular over Fp. (See |13l Lemma 10.157.3], for instance.) In 
particular, it is regular. 

Writing fc as a direct limit of its hnitely generated subfields, there exists a 
direct system of hnitely generated subhelds {ki)i>i of k with R C fcj+i, and A = 

1 ^. ki. We set Ai = A'h so that A = lin^ Wj. Since A+i = A' A;j+i = 

(W ki) <^ki kij^i = Ai ®ki ki+i, it follows that each A* : A, —)■ Aj+i is a faithfully 
hat map of noetherian Fp-algebras such that A = h^ Aj. Furthermore, we have 
Ai <S>ki k A' ®ki k = A and hence, the inclusion Ai ^ A is also faithfully hat. 

We conclude as before that Ai is geometrically regular over Fp and hence regular. 

Since each ki is hnitely generated over Fp and Ai is regular, we can hnd a regular 
Fp-algebra Bi of hnite type such that Ai = S~^Bi for some multiplicatively closed 
subset S <Z Bi. Since Fp is perfect, each Bi must be smooth over Fp. In particular, 
each Ai is a smooth Fp-algebra essentially of hnite type. It follows that each 
Aj : Aj —)■ v4j_|_i is a faithfully hat map of smooth Fp-algebras essentially of hnite 
type such that A = 1^. Ai. By Lemma [2.4.61 we know that the hat pull-back 

(4.7) Ih^^ {TCH''(zl„ n- m)}n,m>i ^ {TCH''(Al, n; m)}„,^>i 

is an isomorphism. 

Since each Ai is smooth over Fp, it follows from Theorem 14.1.31 that the left hand 
side of fl4.7p is the limit over a direct system of restricted Witt-complexes over {Ai}. 

It follows from [HI Proposition 1.16] (see its proof) that lin^ ^ {TCIl"'( 74 j, n; m)}n,m>i 
has a natural structure of a restricted Witt-complex over A. Hence {TCH"'(y4, n; m)}n,m>i 
has a structure of a restricted Witt-complex over A such that fl4.7p is an isomor¬ 
phism of restricted Witt-complexes over A. This hnishes the proof. □ 

The main theorem of this paper is the following: 

Theorem 4.2.2. Let R be a regular semi-local k-algebra essentially of finite type 
over any field k of characteristic 7 ^ 2. Then for m,n > 1, the map : 
t TCH”'(i?, n; m) is an isomorphism. 

This theorem generalizes the isomorphism of [HI Theorem 1], and it is the 
additive analogue of [101 Theorem 3.4], [2l] and [^ . 
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For such R, by |32l Theorem 7.12], we already have an isomorphism (even as 
rings) = Tr : Wm(7?) ^ TCH^(i?, 1;m), but extending it to n > 2 is very 

nontrivial. In this section, we first prove that r^rn is injective in Corollary 14.3.21 
For surjectivity, we will need a somewhat technical moving lemma for additive 
cycles in the Milnor range in Theorem 15.2.31 and this is proved over the next 
several sections. This moving lemma will be used to complete the proof of the 
desired surjectivity in 

4.3. Injectivity. We suppose again that /c is a perfect field of characteristic 7 ^ 2 
until the end of the section. As part of proof of Theorem 14.2.21 the injectivity of 
requires the following: 

Proposition 4.3.1. Let R be a regular semi-local k-algebra not necessarily essen¬ 
tially of finite type and let K = Frac(i?). Then for m > 1 and n > 0, the natural 
map WmLlR —)■ WraLlx is injective. 

Proof. Since k is perfect and R is regular, it is a hltered inductive limit of smooth 
semi-local essentially of hnite type /c-algebras by the Neron-Popescu desingulariza- 
tion [l 2 ]. So we can assume R is smooth essentially of finite type over k. 

We prove it in two steps. 

Step 1. Suppose m = 1 , he., we show that ^ injective. 

Claim: is a free R-module, possibly of an infinite rank. 

This is obvious for i = 0. Suppose i > 1. Consider the Jacobi-Zariski ex¬ 
act sequence of the maps "L ^ k ^ R from [351 3.5.5.1] (which generalizes [T51 
Proposition 8.3A]): 

Di{R\k) —)■ R ^ ^R/z ^R/k O’ 

where Di{R\k) is the first Andre-Quillen homology of M. Andre [2] and D. Quillen 
[39] (see [35l 3.5.4])). Since R is smooth over fc, we have Di{R\k) = 0 by [351 
Theorem 3.5.6]. On the other hand, since i? is a regular semi-local fc-algebra, 0)^^^ 
is a free i?-module. Thus, we have an isomorphism ~ ^R/k ® i^l/z R)- 
Since is a free A:-module (a A:-vector space), the space ( 8 )^ 7? is a free 
7?-module. Hence, 0)^^^ is a free i?-module. Taking wedge products, we deduce 
that ^ 7?-module for alH > 1, proving the Claim. 

Going back to the proof of Step 1, apply the functor — to the inclusion 

R ^ K. By Claim, the module 0)^^^ is free so that we get an injection M- 
K where the latter group is isomorphic to by [151 Proposition 8.2A]. 
Hence, Step 1 is proven. 

Step 2. Now suppose m > 1. When char(A:) = 0, by [HI Remark 1.12], 
Wm^R —t Wm^K decompose into a direct product of —)■ each of which 

is injective by Step 1. Hence, their direct product is also injective. 

When char (A;) = p > 0, recall that by [T 8 l Example 1.11] (also [HI Theorem 
1 . 11 ]), Wm^R —t decomposes into a direct product of some copies of maps 

of p-typical de Rham-Witt forms WgLl'fi —)■ of finite lengths, where the 

product is over some values of s (see loc.cit. for the precise values). But, it is 
proven, for instance, in M. Gros [T31 Proposition 5.1.2], that for any smooth k- 
scheme X, the Gousin complex of WgkVfi is a resolution of WgkVfi. In particular. 
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each —)■ Ws^'% is injective. Hence, is injective. This 

completes the proof of the proposition. □ 

Corollary 4.3.2. Let Rhe a regular semi-local k-algebra not necessarily essentially 
of finite type. Then is injective. 

Proof. Let K = Frac(i?). We have a commutative diagram 

TCH"(i?, n; m) 

TCH’^(iL, n; m), 


where the right vertical map is the flat pull-back via Spec (iL) —)■ Spec(i?), the 
map tk is the isomorphism of m Theorem 1], and the left vertical map is injective 
by Proposition 14.3.11 In particular, the map is injective. □ 


4.4. A reduction. Here is one reduction on surjectivity: 


Lemma 4.4.1. If the statement of Theorem \4.2.2\ holds for all regular semi-local k- 
algebras of geometric type, i.e., obtained by localizing at a finite set of closed points 
of a regular affine k-scheme, then it holds for all regular semi-local k-algebras 
essentially of finite type. 


Proof. Let R be any regular semi-local fc-algebra essentially of hnite type, i.e., 
R = Ox,^,, where X is a smooth affine fc-scheme of hnite type and E C X is a 
hnite subset. Since the map is injective by Corollary 14.3.21 it is enough to 
prove that is surjective. 

Given any cycle class a G TCH”(i?, n; m), choose a representative cycle in 
Tz^{R,n-,m), also denoted by a. Then, by Lemmas 12 . 4.11 and 12 . 4.31 there ex¬ 
ists an affine open subset U <Z X containing S such that the Zariski closure au of 
a on U X Bn is still an admissible cycle with dau = 0. For each p G S, choose 
a closed point xUp E U that is a specialization of p (which exists by the basic fact 
in commutative algebra that any proper ideal of a ring is contained in a maximal 
ideal). We let E' = {trip | p G E} and let R' := Here au G TCH"'(f/,n;m), 

which gives a' G TCH”(i?', n; m) by pulling back via the hat map Spec {R') —)■ U. 
We also have the localization map : R' ^ R, which gives the vertical hat pull¬ 
back maps in the following diagram by Corollary 14 . 1.41 


(4.8) 


TCH"(i?', n; m) 


</>! 


4>2 


TCR^{R, n- m). 


By construction, ^ 2 ( 0 ;') = a. By the given assumption. Theorem 14.2.21 holds 
for R! so that the map rfini is an isomorphism. So, there is ffi G such 

that Tnjnifi') = a! . Then, by the commutativity of the diagram 04.81) . we have 
'Lfm(0i(/^O) = This proves the surjectivity of for -R- Tl 
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5. The fs and sfs-CYCLES 

Let k be an arbitrary field. The objective of llTTlis to prove Theorem I5.2.31 
which shows that any additive higher Chow cycle in the Milnor range with trivial 
bonndary is eqnivalent to a snm of very special types of cycles, called sfs-cycles. All 
these sections are devoted to prove this resnlt, and nnfortnnately the argnments 
involved are rather lengthy and complicated. 

We first introdnce two special classes of cycles, the fs-cycles and the sfs-cycles, 
and address some basic properties. 

Let C be a regnlar semi-local fc-algebra essentially of finite type. Recall (Lemma 
12.4. II and Definition 12. 4. 2p that there is an affine atlas {X, S) for V (i.e., an affine 
/c-scheme X of finite type and a finite snbset S C X) snch that Spec (0x,s) = V- 
Given an atlas {X, S) for V and a morphism Z —)■ X, the restriction Z Xx V will 
be denoted by Zy- For any fc-scheme B and a cycle Z = on X x R, 

where ai E Z and Zi irredncible, we let Zy be the cycle 

5.1. fs and sfs-cycles. 

Definition 5.1.1. Let X e Sch^®®. We fix integers m,n > 1. Recall that for 
n > 1, Bn = X and R„ = x with the coordinates (t, i/i, • • • , Vn-i) 

and we have the canonical open inclnsion Bn C Bn with complement Fn- For 
1 < j < 71, let TTj : Bn —)■ Bj and : R„ —)■ Bj be the projection maps given 
by (t, Viy ■ ■ , Vn-i) (t, 1/1, •• • , Uj-i)- For any irredncible closed snbscheme Z C 
X X Bn, let Z^^'> = (Idx X 7rj){Z). We extend it Z-linearly to cycles Z on X x Bn- 
This Z^^'^ is not necessarily a closed snbscheme of X x Bj in general. However, if Z 
is finite over X, then the morphisms in the seqnence Z = Z^^'^ —)■ ^ 

Zd) —>■ X are all finite, so each is closed in X x R,. 

Definition 5.1.2. Let X = Spec (A) be a smooth affine fc-scheme of finite type, 
and let S be a finite set of closed points on X. Let V = Spec (C>x,e)- 

For a smooth affine geometrically integral fc-variety R of dimension n, an al¬ 
gebraic cycle Z G z'^{X x R) is called an fs-cycle along S, if each irredncible 
component Zj of Z restricted over an affine open neighborhood R of S is finite and 
snrjective over U via the projection map X x R —)■ X. For simplicity, we often call 
them jnst fs-cycles when (X, S) is nnderstood. When we need to nse cycles whose 
components are finite and snrjective over X, we will specifically say so. 

In case R = R„, the snbgronp of admissible fs-cycles in TZ^[X,n-,m) will be 
denoted by Tz^ fs(X, n; m). 

We say that a cycle Z G Tz”(X, n, m) is an sfs-cycle along S if for each irre¬ 
dncible component Zj of Z, the following hold: 

(1) [Z,]GTzg,f,(X,n;m). 

(2) For an affine open neighborhood U of S, is smooth over k for each 

1 < j < n. 

The snbgronp of sfs-cycles will be denoted by Tz^ gfg(X, n; m). 

We can replace X by R and define similar gronps. Namely, Tz^ £^(1/, n; m) 
consists of cycles in Tz^(l/,n;m) whose components are finite and snrjective over 
V, and Tz^ g£g(V, n; m) consists of cycles Z in Tz^ £^(1/, n; m) snch that Zp^ is 
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smooth for each irreducible component Zj of Z and 1 < j < n. In this case, an 
sfs-cycle along S will be simply called an sfs-cycle. Moreover, we often suppress S 
in the notations of Tz^ fg(I/, n; m) and Tz^ sfs(^) ^)- 

We shall use the following notion: 

Definition 5.1.3. Let V = Spec (R) be a smooth semi-local fc-scheme of geometric 
type with the set of closed points S. Let m, n, g > 1 and let a G Tz'^(I/, n;m) be 
a cycle. We say that V is a-linear if there is an affine atlas (X, E), where X is 
isomorphic to an affine space over A:, such that for some a 6 Tz'^(X, n; m), we have 
oiv = a. cf. Lemma [2.4.3I 

Here is one convenient result on hniteness: 


Lemma 5.1.4. Let X G be irreducible. Let B be a smooth affine geo¬ 

metrically integral scheme of finite type over k of dimension n > 0, and let B be 
a smooth projective geometrically integral scheme over k, with an open immersion 
B CB. 

Let Z G z"'{X X B) be an irreducible cycle. Then, Z ^ X is finite and surjective 
over X if and only if Z is closed in X x B. 

Proof. Let f:Z^XxB^Xhe the composite map. Suppose / is hnite and 
surjective. Since the last map is projective, by [T6l Corollary II-4.8-(e), Theorem 
II-4.9], the first map is a closed immersion. This proves (^). 

Conversely, suppose that Z is closed in X x B, i.e., the hrst map is a closed 
immersion (thus projective). Since the second map is projective, the composite / 
is projective. Hence, / is a projective morphism of affine schemes, so that it must 
be finite by HSl Exercise H-4.6]. Moreover, being a hnite map of irreducible affine 
schemes of the same dimension, it must also be surjective. This proves ("^). □ 


Lemma 5.1.5. Let V = Spec (i?) be a smooth semi-local k-scheme of geometric 
type with the set of closed points Ti. LetB,B be as in Lemma\5.1.4\ Let F :=B\B. 


Let Z G z'^{V X B) be an irreducible cycle and let Z be the Zariski closure of Z in 
V xB. 

Suppose that Z n (E x F) = 0. Then given any affine atlas (X, E) for V, there 
exists an affine open subatlas {U, E) for V such that for the Zariski closure Z of Z 
in X X B, the projection map Zu —)■ Lf finite and surjective. 


Proof. Let (X, E) be a given atlas. Let Z be the Zariski closure of Z in X x H 
and let / : Z X X H —>■ X be the composition with the projection. Let 

Y :=/(Zn(X X F)). Since / is projective and since Zn(E X F) = Zn(E X F) = 0, 
we see that Y C X is a closed subset disjoint from E. Hence, X \ Y is an open 

neighborhood of E such that Z n ((X \ X) x F) = 0. By Lemma [2.4. 11 we can hnd 
an affine open neighborhood f/ of E in X \ X, so we have Z fl (1/ x F) = 0, and in 

particular, Z r\{U x B) = Z r\{U x B). This means Zu is closed in U x B. Hence, 
by Lemma [5.1.41 the map Zu ^ U is hnite and surjective. □ 


We get the following characterization of fs-cycles in Tz"'(X, n;m): 
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Proposition 5.1.6. Let V = Spec {R) be a smooth semi-local k-scheme of geomet¬ 
ric type with the set S of closed points. Let m,n > 1 and let [Z] e Tz"'(i/,n; m) 
be an irreducible cycle. Then, [Z] is an fs-cycle if and only if there is an atlas 
[X, S) for V such that for the closures Z in X x Bn and Z in V x Bn, we have 
[Z] e Tz^(X, n; m) and Z n (E x Fn) = 0. 

Proof. Suppose that Z is an fs-cycle. Note first that Z G Tz'^(y,n-,m). Fur¬ 
thermore, by Lemma 12.4.31 one can hnd an affine atlas (X, E) for V such that 
Z eTz^{X,n]m). _ 

Since Z intersects E x Bn properly and Z O {E x Bn) = Z n {E x Bn), we 
have [Z] E Tz^(X, n;m). Since Z —>■ V is hnite surjective, by Lemma [5.1.41 

Zn(ExFn) = 0. 

Conversely, suppose that for an atlas {X, S) and the closure Z in X x Bn, we have 
Z E Tz^(X, n; m) and Z H (E x Fn) = 0. Then, by Lemma [5.1.51 we may shrink 
(X, S) to an affine open atlas (U, E) such that Z/y —)■ U is hnite and surjective. 
We still have Zu E Tz^([/, n; m) and it shows Z E Tz^iV, n; m). Since being hnite 
and surjective is stable under base change to V, we deduce that Z ^ V is hnite 
and surjective. Hence Z is an fs-cycle. □ 

Lemma 5.1.7. Let V = Spec (i?) be a smooth semi-local k-scheme of geometric 
type with the set E of closed points. Let m,n > 1 and let a E Tz^(y,n;m) be a 
cycle each of whose components is finite over V. Then a does not intersect any 
proper face F C at all. 

Proof. We can assume that a = [Z] is an irreducible cycle. We may further assume 
that E is a singleton set so that V is the spectrum of a regular local ring P. By 
taking successive quotients of P by the subsets of any chosen system of parameters 
for P and using an induction on the dimension of P, we can reduce to the case when 
P is a DVR. This induction step requires hniteness of Z —)■ V. Let i : {x} —)■ V 
and j : {rj} ^ V be the inclusions of the closed and the generic points of V. 
If Z intersects any proper face F, then either i*{Z) or j*{Z) must intersect F. 
On the other hand, since dim(Z) = dim(V) = 1, by dimension counting, proper 
intersections of Z with {x} x F and {rj} x F imply that neither of i*{Z) or j*{Z) 
intersects with F. Hence Z does not intersect F. □ 


Proposition 5.1.8. Let V = Spec {R) be a smooth semi-local k-scheme of geomet¬ 
ric type with the set E of closed points. Then an irreducible cycle [Z] E Tz"(l/, n; m) 
is an sis-cycle if and only if there is an affine atlas (X = Spec (H), E) for V and 
an irreducible cycle [Z] G Tz'^{X, n;m) for which the following hold: 

(1) Z = Z Xx H. 

(2) Z is closed in Xx Bn, contained in XxA^x 

any proper face F C (In particular, by Lemma 5.1.4 

surjective over X.) 

(3) For each 1 < j < n, each Z = (Idx x vrj)(Z) <Z X x Bj is an irreducible 
closed subscheme, where tij is given by (t, yi, - ■ ■ , Vn-i) t (t, yi, - ■ ■ , Vj-i)- 


and does not intersect 
Z is finite and 


In its coordinate ring k[Z ] = A[t, yi, - ■ ■ , yj-i]/I{Z ), for a = t, bj = Ijj 
for 1 < i < n — 1, we have a seguence of finite extensions of integral 
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domains, 

(5.1) A c A[a] C A[a, 6i] C ■ ■ • C A[a, 6i, • • • , 6„_i], 

such that each ring in the sequence is smooth over k. 

(4) There are irreducible monic polynomials P(t) G A[t] in t and QjiVj) G 
A[a, hi, - ■ ■ , hj-]\ [yj] in yj for 1 < j < n — 1 such that A[a\ = A[t]/{P{t)) 
and A[a,hi, ■ ■ ■ ,hj\ = A[a,hi, ■ ■ ■ ,hj_i][yj\/{Qj{yj)). 

Proof. For the (^) direction, one sees that the existence of an atlas (X, S) for V 
and a cycle [Z] G Tz^(X,n;m) satisfying (1)~(4) imply that [Z] G A7df(y,n-,m) 
is an sfs-cycle over V. So we need to prove the converse (^). 

Suppose that [Z] G Tz"'(l/, n; m) is an irreducible sfs-cycle. Since it is an fs-cycle 
by dehnition, by Lemma I5.1.4[ Proposition 15.1.61 and Lemma 15.1.71 there is an 
affine atlas (X, S) for V such that the closure Z of Z in X x is an irreducible 
admissible cycle in Tz'^{X,n-,m) which satishes (1) and (2). 

Since Z —)■ X is hnite surjective, there is a sequence of hnite and surjective maps 
Z = Z*'"'^ Z*'^^ —)■ X = Spec (A) such that each Z*''^^ is hnite and surjective 

over X. Furthermore, each Z^y is smooth over k because Z is an sfs-cycle. 

We now want to show that there is an affine open subatlas {U, E) of (X, S) for 

V such that the restrictions Zfj to U are all smooth over k. To prove it, set 
A^ = k[Z^^'^]. As each Zy^ is smooth over k and hnite over V, we see that 
is a hnite A-module, such that is a free i?-module, where R = for 

the multiplicative subset S's C A corresponding to the hnite set of closed points S. 
Hence, there is an affine open neighborhood [/ of E in X such that each 
is free fc[t/]-module. Replacing the given atlas (X, E) by the new (t/, E), we may 

thus assume that each Z*''^^ is smooth over k. Hence, we proved (3). 

To prove (4), we observe that if we replace A in the sequence fl5.1l) by its semi¬ 
local ring R by localization, then we get a sequence of hnite extensions of smooth 
semi-local rings. Note that such rings are UFDs by Auslander-Buchsbaum and 
R[a\ = R[t]/Ii for the prime ideal R = /(Z^)). Since dim(i?) = dim(i?[a]) = 
dim(R[f]) — 1, we have ht{Ii) = 1. But, R[t] is a UFD so that R must be principal 
by [Ml Proposition 1.1.12A]. Thus, if P{t) G R[f\ is a monic irreducible polynomial 
of a, then we have R = {P{t)). Similarly, we have R[a,bi] = R[a][yi]/R for the 
prime ideal R = /(Z^^^), and since R[a] is a UFD, i?[a][j/i] is also a UFD. Hence, we 
obtain R = {QRyi)) in the same way. Continuing this way, we get the irreducible 
monic polynomials P{t) G R[t] and Qj{yj) € R[a,bi,--- for which the 

property (4) holds over R. Choose lifts of these polynomials over A, and then 
there is a localization A' = A[/“^] with the inclusions A ^ A' ^ R such that the 
property (4) holds over A'. Replacing (X, E) again by (Spec (A'), E), we obtain a 
new atlas for V for which all of (1)~(4) hold. □ 

Remark 5.1.9. The reader should observe a consequence of Proposition 15.1.81 that 
if [Z] G A7R{y,n-,m) is an sfs-cycle, then [Z^-^^j G TZgfg(l/, j; m) for 1 < j < n. 

5.2. Additive higher Chow groups of fs and sfs-cycles. We now dehne certain 
subgroups of additive higher Chow groups of smooth fc-schemes in the Milnor range. 
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The goal is to show that these subgroups actually coincide with the additive higher 
Chow groups in the Milnor range for a smooth semi-local fc-scheme of geometric 
type. This goal is achieved by means of “the fs-moving lemma” and “the sfs-moving 
lemma”, that we prove in the following sections. 


Definition 5.2.1. Given a smooth affine fc-scheme X and a finite subset of closed 
points S, we define 


fCHs(X,n;m) 

TCH”^(X,n;m) 


ker(ci : Tz^(X, n; m) — )■ Tz"^(X, n — 1; m)) 
im(ci : Tz”(X, n -|- 1; m) —)■ Tz"(X, n; m)) n n; m) 

ker(ci : Tz^ j-g(X, n; m) Tz"(X, n — 1; m)) 
im(ci : Tz"(X, n + 1; m) Tz”(X, n; m)) fl Tz^ fg(X, n; m)' 
ker(ci : Tz 2 _sfs(X, n; m) —)■ Tz"'(X, n — 1; m)) 
im(ci : Tz"(X, n -f 1; m) —)■ Tz"(X, n; m)) n Tz 2 ^gfg(X, n; m) 


Here, the definition of the group TCHj.(X, n;m) is slightly different from that 
of TCH 2 (X, n;m) in Dehnition 12.3.11 However, we have: 


Lemma 5.2.2. The natural surjection TCW^{X,n]m) —?• TCHj.(X,n;m) is an 
isomorphism. 


Proof. By the moving lemma for additive higher Chow groups of smooth affine 
schemes of W. Kai [22] (see [3^ Theorem 4.1] for a sketch of its proof), the com¬ 
position TCH 2 (X, n; m) —)■ TCHj.(X, n; m) TCH"'(X, n;m) is an isomorphism. 
Hence, the hrst arrow is injective. □ 

If H = Spec {R) is a smooth semi-local fc-scheme of geometric type with the 
set S of closed points, we shall write TCH]?g(l/, n; m) and TCHgfg(l/, n; m) for 
TCH^ fg(l/, n; m) and TCH 2 _sfs(V, n; m), respectively. 

Note that there are natural maps 
(5.2) 

TCHJ n; m) ^ TCHJ ,,(A, n; m) -> TXml(X, n; m) -» TCH”(A, n; m), 

and the third group can be replaced by TCH 2 (X, n;m) by Lemma 15.2.21 Our 
intermediate goal is to show that all arrows in this sequence are isomorphisms 
with X replaced by V, where H is a smooth semi-local fc-scheme of geometric 
type: 

Theorem 5.2.3 (The sfs-moving lemma). Let k be any field. Let r > 1. Let 
V = Spec (i?) be an r-dimensional smooth semi-local k-scheme of geometric type 
with the set S of closed points. Let m,n > 1 are two integers. Then the map 
sfsy : TCHgfg(l/, n; m) —)■ TCH"(l/,n;m) is an isomorphism. 

The next result shows how we can reduce to the case when the base field is 
inhnite perfect. 

Lemma 5.2.4. Let V = Spec {R) be a smooth semi-local k-scheme of geometric 
type with the set S of closed points. Suppose that the map 

sfsy : TCH”f,(l/, n;m) ^ TCH’^(H, n; m) 
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is an isomorphism when k is an infinite perfect field. Then this map is an iso¬ 
morphism for an arbitrary field k as well. The same holds for the map fsy : 
TCWffiV.n-m) TCH"(y, n;m). 

Proof. We prove the lemma for the sfs-cycles only; the case of fs-cycles is similar. 
Suppose that the lemma holds when k is an infinite perfect field. First assume 
that k is finite (hence perfect). We use the pro-f'-extension trick to reduce it to the 
case of infinite perfect field, (see [331 Proof of Theorem 3.5.14]) Namely, choose 
two distinct primes and ^2 different from char(A;) and let ki denote the pro-£j 
extension of k for i = 1, 2. Notice that these fields are infinite and perfect. 

Suppose that a G TCHgfg(l/, n; m) is such that sfsy (a) = 0. From the case of in- 
hnite perfect field, we see that = 0 for i = 1, 2. It follows from Proposition 15.1.81 
that TCHg£g(l/, n; m) commutes with the base-change of V by any direct limit of 
separable field extensions of k. In particular, we get two finite extensions k[ and 
^2 of k of relatively prime degrees such that ay. = 0 for i = 1, 2. We conclude from 
m Lemma 4.6] that a = 0. 

Next suppose that (3 G TCH”'(1/, n; m). Using the case of infinite perfect held 
and the above property of commutativity with direct limits of separable extensions 
of A;, we can again get two hnite extensions k[ and k'2 of k of relatively prime degrees 
such that fiy. = sfsy(Q;i) for some at G TCH”fg(14',u;m) for i = 1,2. We again 
conclude from m Lemma 4.6] that (3 = sfsy(a) for some a G TCHgfg(l/, n; m). 
This completes the case of hnite helds. 

Suppose now that k is an inhnite imperfect held. Using Quillen’s trick (see [IHl 
Proof of Theorem 5.11, p.l33]), we can hnd a subheld k' of k hnitely generated 
over the prime held Fp, a smooth semi-local scheme V of geometric type over k' 
with the set of closed points S' such that (U, S) = {Vfi S^). Letting ki run through 
the subhelds of k containing k' and hnitely generated over the prime held, we get 
V = ^. Vf. . 

Since each ki is separable (see [321 Theorem 26.3]) and hence smooth over Fp, it 
follows from Proposition 15.1.81 that TCH”fg(l/, n; m) = li^. TCHgfg(14',, n; m). We 
also have TCH”'(1/, n; m) = lin^ . TCH''(14'., n; m) by Lemma [2. 4. 61 Since each I 4 '. is 
now a smooth semi-local scheme of geometric type over Fp, it follows from the case 
of hnite helds that sfsy' is an isomorphism. We conclude that sfsy = lirn sfsy' is 

ki - yi ki 

an isomorphism, too. □ 


6. Moving cycles on affine space 

Our main objective for the next a few sections is to prove Theorem 15.2.31 Recall 
by Lemma 15.2.41 we reduce to the case when k is an inhnite perfect held. So, we 
suppose it until the end of the proof of Theorem 15.2.31 at the end of I RTI 

The proof is long enough so we prove it in various steps. Here is the rough 
story: in Theorem 16.2.11 we hrst show that, if there is an admissible cycle Z G 
Tz"(A’’,n;m), then we can move it into a cycle in Tz^^^^(f/,n;m) for some affine 
open subset U C A'’ containing S. Using this and a somewhat complicated generic 
projection machine, we prove in Theorem 17.4.21 that the map TCH]'(U,n;m) —)■ 
TCH''(U,n;m) is an isomorphism. The most delicate step is to move cycles in 
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TCH^(V, n;m) to cycles in TCH”j-g(l/, n; m), using further generic projection ma¬ 
chines with various loci. 

The goal of 1|6] is to prove Theorem 16.2.11 

6.1. Spreading lemma. We consider some results that will be needed. 

Lemma 6.1.1 (Spreading lemma). Let X = Spec (i?) be a smooth semi-local k- 
scheme essentially of finite type. Let K be a purely transcendental extension of k. 
Then the base change map 

^ Tz"(X, n;m) Tz”(Xi^, n;m) 

■ TzJ.(A',n;m) ^ TzJ.(A' k. n; m) 

is injective in homology in the following sense: let a E Tz^(X, n; m) be a cycle 
such that d{a) = 0 and its base change uk E Tz"'(Xj^, n; m) is eguivalent to a 
cycle in Tzf^^(XK,n]m) modulo the boundary of a cycle in Tz'^{XK,n I- l;m). 
Then a is eguivalent to a cycle in Tz"fg(X, n;m) modulo the boundary of a cycle 
in Tz"'(X, n -f 1; m). The same result holds if X is replaced by its atlas (X, S). 

Proof. Its proof is almost identical to usual spreading argument (see m Proposi¬ 
tion 4.7]), except that we should check that the required smoothness, and hniteness, 
surjectivity over the base ring are preserved under the arguments of loc.cit. 

By induction, we may reduce to the case when X is a purely transcendental 
extension of k, with tr. deg;. K = 1, i.e., K = k{Al). By the given assumptions, we 
have ttK = f^K + d'jK for some (3k £ Tz”fg(X 7 f, n; m) and ■jk £ Tz"'(Xi^, n -|- 1; m). 
Note that each irreducible component of (3k is finite and surjective over Xk and 
smooth over K, and its projections to Xk x for 1 < i < n — 1 are all smooth 
over K. Write (3k = '^^=i ^j^K^ where rj E Z and each V^- is an irreducible cycle 
in Tz”fg(Xii-,n; m). 

Then for each there exists a nonempty open subset Uj C A\ and a cycle 
E Tz"'(X X U,n-,m) that restricts to such that is finite and surjective 
over X X Uj and smooth over Uj, and its projections to X x Uj x Bi for 1 < i < n —1 
are all smooth over Uj. Take U := H^^^Uj, which is yet a dense open subset. Let 
Vjj be the restriction of on X x W. Let (3u '■= 'n!j=i^i^w 

After further shrinking U if necessary, there exist cycles an E Tz"'(X x U,n-,m) 
and 'yu E Tz"'(X xU,n + l;m), that restrict to aK and -yK over Xk respectively, 
such that au = ( 3 u + d'yu. 

Now, since k is an inhnite held, the set U{k) ^ lA is dense. In particular, 
we can hud a point u E U{k) such that the pull-backs of au, (3u and 'yu via 
iu '■ X ^ X X U are dehned. Applying to the above equation of cycles, we 
get a = i^au = iu(3u + difjlui where we have ilyyu E Tz"'(X, n -f l,;m) and 
if^(3u E Tz"'(X, n; m). But, in fact, i*^(3u E TZgfg(X, n; m) because smoothness, 
hniteness and surjectivity of morphisms are stable under base change via Lu- This 
hnishes the proof of the lemma. □ 

Here is a lemma that we use often: 

Lemma 6.1.2 ([5l Lemma 1.2]). Let X be an algebraic k-scheme and G a con¬ 
nected algebraic k-group acting on X. Let A, B G X be closed subsets, and assume 
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the fibers of the map G x A ^ X, {g,a) i-P- g ■ a all have the same dimension, and 
that this map is dominant. 

Moreover, suppose that for an overfield K D k and a K-morphism f) : Xk —>■ 
Gk, there is a nonempty open subset U <Z X such that for every x G Uk, a 
scheme point, we have tr. deg^ vr(a;)) > diniG, where tt : Xk —>■ Xk and 

(f : Gk —>■ Gk- Define 0 : Xk Xk by fi^x) = fj{x) ■ x and suppose 0 is an 
isomorphism. Then, the intersection (P{Ak H Uk) H Bk is proper. 

6.2. AfRne space case. The goal of ^is to prove the following, which is weaker 
than a special case of Theorem 15.2.31 Later, we use it to deal with the general 
case. 

Theorem 6.2.1. Let m > 1. Let a G Tz"'(A^, n; m). Let V = Spec (C>a^,e) for 
a finite subset S C o/ closed points, with the localization map j : V ^ A^. 
Then there are cycles /3 G Tz”£g(l/, n; m) and 7 G Tz"'(l/, n +1; m) such that d{'j) = 
j*{a) - (5. 

We first discuss some lemmas. Let x = (xi, • • • , Xr), Tl = ■ ■ ■ , x'fi), and t be 

variables. For any s > 0, consider the homomorphism 0| : k[x,t] k[x,t,x'] of 
polynomial rings given by x 1 —)■ x + f 1 —)■ f. The induced map of schemes 

is 0s : A^ X A^ X A^ —)■ A^ X A^, (x, t, x') {x-\-U^"^~^^'>x', t). This morphism is flat, 

hence open. In particular, for each scheme point 5 ^ G A^, it induces a morphism 
03 ,s = 4>s{-, -,g) ■ X A^(^^ -)■ A^(^^ X which is an isomorphism. When 

g = g ^ A^ is the generic point, we let K = k{g). Let 0j^_^ : K[x,f\ —)■ K[x,f\ be 

the corresponding isomorphism. In what follows, let : A^ x A^ x ^ A^ be 
the projection to the hrst factor. We hrst prove: 

Lemma 6.2.2. Let f{x,t) G k[x,t] be a nonzero polynomial. Then there is a 
nonempty open subset U C A^ , such that for each g G U{F) for some overfield 
F D k and sufficiently large s > 0, the polynomial monic in t, i.e., 

integral over A[x]. 

Proof Write f{x,t) = for some fi G fc[x] and M > 0. Since 

/ 7 ^ 0, we have fo{x) ^ 0. Let di = deg 3 ,(/i), which is the total degree in x. We 
hrst consider the case r = 1. Let c* G fc be the coefficient of the highest degree 
term of ffix). Since fo{x) 7 ^ 0, we have cq G k^. Then, f {x + g, t) = 

+ (lower degree terms in t)). 
Here we suppose g 0, i.e., U = A^ \ {0}. Let F = k{g). Let io be the smallest 
integer such that d^^ = max{(io, di, ■ ■ ■ , du}- Here, Cj^ G k^ by dehnition. 

If dig = 0, then each ffix) is a constant, so f{x + P^^~^^lg,t) gives an integral 
relation of t as desired. Suppose dig > 0. If io = 0, then for each i > 0 and each 
s > 0, we have dos{m + 1) + M > dis{m + 1) + M > dis{m + 1) + M — i. Hence, 
the leading coefficient of the highest degree term in t is cog G F^ , so, it is integral. 

If io > 0, then for each i > io and each s > 0, we have digs{m -^1) + M — io> 
dis{m+l)+M—iQ > dis{m+l)+M—i, while for 0 < i < io, we have di < dig so that 
for every sufficiently large s > 0, we have dis{m + l) + M — i < digS{m + l) + M — io. 
Hence, for every sufficiently large s > 0, again the leading coefficient of highest 
degree in t is Cigg G F^ , and it gives the desired integral relation. 
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In case r > 2, the backbone of the proof is the same, but one problem is a 
possible cancellation of the highest degree terms in t, namely, if di is the total 
degree of /i(xi, • • • , Xr), then possibly a multiple number of monomials could have 
the same total degree di. However, such g^s form a closed subscheme of A*” (depends 
on f{x,t)), so for a general g & U for some nonempty open subset U C A^, we can 
avoid it. □ 

We hrst prove Theorem 16.2.11 in the special case of n = 1, up to a purely 
transcendental base change: 

Lemma 6.2.3. Let a E Tz^(A^, 1; m), and let V = Spec (C>aj;,e) for a finite subset 
T, C of closed points, with the localization map j : H —)■ A^. Then there exist 
cycles fd E TZgfg(VK, 1; m) and 'y E Tz^(VA-,2;m) such that dfy) = j*{aK) — fd. 

Proof. We may assume a = Z C A’' x A^ is an integral closed subscheme. Since 
X A^ is factorial, there exists an irreducible polynomial f{x,t) E k[x,t] such 
that Z = Spec {k[x,t]/{f{x,t))). The modulus condition mandates that the cycle 
does not intersect the divisor {t = 0 } in A'' x A^, so that we must have f = th — 1 
for some h{x,t) G k[x,t]. By Lemma l6.2.2[ we can choose some g E A^ and a 
sufficiently large s > 0 such that — 1) is monic in t. This is equivalent 

to saying that (j)g^s{Zk(g)) ^k{g) finite. As they are both integral and of the 

same dimension, this morphism is automatically surjective. In particular, by base 
change to Spec (K) = Spec {k{g)), the map (f>g^s{.ZK) A^^ is finite surjective. 

Let Zsm C Z be the set of smooth points over k. Since k is perfect, this is a dense 
open subset. Let Zgjng ■= Z\ Zgm- Here, dim(Zsing) < r — 1. Since Z^m —t Spec {k) 
is smooth, its base change {Zsm)K —t Spec {K) is also smooth. 

We now apply Lemma [ 6 .1.21 with 

A = A^ X A^, G = Al, V'fe t) = A = T x Al and B = Z.i^g, 

where rj E Al is the generic point, G acts on A^ x A^ by • {x,t) := {g + x,t). 
One checks that the conditions of Lemma 16.1.21 are satisfied. It follows that the 
intersection (()~l{AK)r\BK is proper. Since is an isomorphism, this is equivalent 
to saying that the intersection Ak O (fg,s{{Zsing) k) is proper. But, by dimension 
counting, this means 0 r;,s((-^sing)A) O Ak = 0 - 

We saw {Zsm)K is smooth over K, while its complement in Zk is (Zsing)^:. (N.B. 
In general, (Zsm)^' is a subset of the set of points in Zk smooth over K.) Hence, 
<fri,s{(,Zsm)K) is smooth over K, while its complement is ((>g,s{{Zsing) k), because 
is an isomorphism. Since (j)g^s{ZK) —t A^^ is finite as shown above, the image of 
0r,,s((Zsing)ir) -E A^ is a proper closed subset of A^ disjoint from S. Hence, there 
is an open neighborhood U C AJ^ of E, such that (f)g^s{ZK) AQi^{U) is smooth over 
K. Hence, j*{f/g^s^Z k)) is an sfs-cycle. 

On the other hand, it follows from [221 Proposition 3.3, Lemma 3.5] that there 
is a cycle 7 G Tz"'(A^,n + l;m) such that diyy) = [Zk] — [(fg^siZK)]. Setting 
P = j*{[fv,s{.ZK)]) and 7 = we conclude ^( 7 ) = j*{aK) - id. □ 

Before we consider the general case, we make the following observations. We 
consider three types of additive cycles. 
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Lemma 6.2.4. Let Z C A^. x Al x be a elosed irredueible admissible sub- 
seheme of dimension r. Suppose the projection to the first factor Z ^ A\ is 
dominant. Then there is a dense open subset U C A^. such that for each g E U 
and s > 0, the projection to the first factor (f)g^s{Zk(g)) —)■ is still dominant. 

In particular, dim(0g^^(Zfc(g))) = dim(Zfc(g)). 

Proof. This is immediate from the dehnition of fig^s- D 

Lemma 6.2.5. Let Z ^ A\ x A\ x be a closed irreducible admissible sub¬ 
scheme of dimension r such that (a) the projection Qn ■ Z ^ A^, is not dominant, 
while (6) the projection pr 2 '. Z ^ Af is dominant. Then there is a dense open 
subset U C Al such that for each g E U and s > 0, we have 

(1) dim{qn{(t)g^s{Zk{g)))) = dim.{qn{Zk[g))) + 1 and 

(2) the projection pr^ : (l)g^s{Zk(g)) —)■ is dominant. 

Proof. By (b), the map pr 2 is a dominant morphism to a smooth curve, thus it is 
flat. In particular, pr 2 {Z) C is a dense open subset. For each g E A^ and s > 0, 
we have a surjection $ : qn{Zk{g)) x pr 2 {Zk{g)) -E gn( 0 <;,s(^fc( 3 ))), given by sending 
{x,t) to x + Thus, dim g„((/><;,s(^fc(g))) < dim qn{Zk(g)) + 1. 

On the other hand, for each hxed closed point to E pr2{Z), the set fo) 

has the same dimension as that of qn{Zk(g)), while it is a proper closed irreducible 
subset of qn{(l>g,s{Zk(g))) when g is a general member, i.e., in an open subset of A^. 
Since pr 2 {Z) is dense open in A^ and hence of positive dimension, we must have 
dim{qn{(l)g^s{Zk(g))) > dim(g„(Zfc(g))). The second property is obvious because fig^g 
does not modify the A^-coordinate. □ 

Lemma 6.2.6. Let Z C A^ x A^ x be a closed irreducible admissible sub¬ 

scheme of dimension r such that (a) the projection to the first factor : Z —)■ A^ 
is not dominant, and {h) the projection to the second factor pr 2 '. Z ^ A\ is not 
dominant, either. Let S C A^ be a finite subset of closed points. 

Then there is a dense open subset U C A^ such that for each g E Lf, there is an 
open neighborhood Wg C ofYi where fig^siZ^g)) restricted over Wg is empty. 

Proof. Since pr 2 : Z —)■ A^ is not dominant, pr 2 {Z) C A\ is irreducible and closed. 
Hence, it must be a singleton {to}- By the modulus condition that Z satishes, we 
must have to 7 ^ 0 and Z G A^ x {to} x 0^”^ It is therefore sufficient to prove the 
lemma by replacing k by A;(to) and S by 7r^“^(S), where Tit^ : Spec {k{to)) -E Spec (k) 
is the base change. We can thus assume that to E A^{k). Consider the proper closed 
subscheme IF = qn{Z) C A^ of dimension < r and the dense open complement 
Uo = Al\ IF. 

Now for each p G S, take Up := Tip{p — (Wo)fc(p)), where Up : A^^^ —)■ A^ is the 
base change. Set U = flpes^p- ^ hnite intersection, so it is a dense open 

subset of A^. Let U := which is still dense open in Ajj. Notice that 

for each g E U, we have p E Uq + for each p G S, so that this open set 

contains S. Let Wg := Uq + tQ^™'’'"^^p. Because Z restricted over Uq is empty by 
construction, by applying fig^g for g E U, the scheme fig^gi^Z^g)) restricted over 
0g,s(^o) = bVc/ is empty. This proves the lemma. □ 
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Now we prove Theorem 16 .2.1 1 up to a purely transcendental base change: 

Lemma 6.2.7. Let a G Tz”'(A^, n; m) and let V = Spec (C>Aps) for a finite subset 
S C o/ closed points, with the localization map j : 1/ —)■ A^. Then there exist 
cycles /3 ^ Tz'^^fiVK,n;m) and 7 G Tz"'(Va', n +1; m) such that d{pf) = i*{aK) — fi- 

Proof. We may assume a is irreducible, and let Z A^ x A^ x be the integral 
closed subscheme giving a. Consider the commutative diagram 


( 6 . 1 ) 


A^ X Ai X □"-ic- 




-C->. A^ X A^ X Dfc 



where Z is the Zariski closure of Z, and the maps p and pr are the obvious pro¬ 
jections. 

Case 1. First, consider the case when : Z —)■ A^ is dominant. Let W = 
p{Zk) C A^ X This is a closed subscheme of dimension r, again dominant 
over AJ^. This W is not necessarily admissible, but yet for the generic point r; G A^, 
fir],s(}V) is hnite and surjective over A^ for all large s 1 by Lemma [6.2.2[ Let 
also denote the map (j)r],s x Ids : A^^ x A^ x i? —)■ A^ x A]^ x B for any B G Sch^r. 
Since (j)n,s{ZK), firi,s{p{Z k)), and AJ^- are all of dimension r, and (j)ri,s{W) —)■ A^ is 
hnite surjective, the map p restricted to (j)n,s{ZK) 4>ri,s(}V) is quasi-hnite. Since 
p is projective, it follows that (j)r),s{,ZK) is hnite and surjective over A^^ for s S> 1. 

Set Y = Z\ Z = Zn (A^ X A^ X Ff) so that dimfc(F) < r — 1. We now apply 
Lemma 16.1.21 with 
( 6 . 2 ) 

X = AJ X A7 nr'; G = AJ i Mx, t, y) = A = E x Aj x B = F, 


where G acts on A^ X A^ X ^ hy g-{x,t,y) = {g+x,t,y). One checks immediately 
that the conditions of Lemma 16.1.21 are satished. It follows that the intersection 
is proper. By a dimension counting, this means that = 

0. Equivalently, we have O= 0. Since 0^,s(Zi^) —)■ A^ is hnite, we see 

that the image of t A^ is a closed subset disjoint from S. Taking W to 

be its complement, we conclude that \V is an open neighborhood of S such that 
fi,,s{ZK) n n q-KW^). Since 0,,.(Z^) O q-^W'^) ^ is 

hnite and surjective, we conclude that (j)r],s{ZK) —)■ W'^ is hnite and 

surjective. 

To show that firi^siZR) is an sfs-cycle over some open neighborhood of S for all 
sufficiently large s S> 1, we hrst take A = S x A), x ^ and B = Zging and apply 


Lemma [ 6 .1.21 with the same situation as in (16.2p . We repeat the argument in the 
proof of Lemma 16.2.31 in verbatim to hnd an open neighborhood Tk C Un F AJ^ 
such that Fl q~^{Un) is smooth over K for all large s S> 1. In particular, 

4>ri,s{ZK) n q~^{Un) is smooth over K for all large s S> 1. 

Since fir^^siZR) hnite over A^, we see that each projection of Zk, via : A^ x 


A 1 i=r7f—1 


—j — \ 

— )• AJf X A]^ X Ofi- , is hnite over AJ^ for 1 < j < n. We can now 
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apply the above argument to each of these projections successively to get open 
neighborhoods C Uj C such that 

(1) n = ^^,s{Zk) n q-\Uj), 

(2) (pr^^siZx) n qn^iUj) is finite and surjective over Uj, and 

(3) Tii{(l)n,s{Z k) n q^^iUj)) is smooth over K for all j < i < n. 

Setting W = Uj) and noting that (l)rj,s commutes with each projection 

X A]^ X — )■ A^ X A|^ X ^, we conclude that W C A^ is an open 

neighborhood of such that (1)^^s{.Zk) ng“^(>V) is an sfs-cycle over W. Since each 
(pg^siZ) is congruent to Z as an admissible additive cycle by [22l Proposition 3.3, 
Lemma 3.5], we are done in this case. 

Case 2. We next consider the case when the map Z ^ A^ is not dominant. 
Here, we have two further cases. 

Subcase 2-1. Suppose first that the projection pr 2 : Z —)■ A^ is dominant. In 
this case, we can apply Lemma 16.2.51 repeatedly to conclude that the composite 
4’gi,s o • • • o (j)g^ g{Z) —)■ Al is dominant for a finite sequence of general members 
gi, - ■ ■ ,gc of A^. So, Subcase 2-1 reduces to the case when Z —)■ A^ is dominant, 
which we already treated in Case 1. 

Subcase 2-2. The only case remaining is when neither of the maps Z ^ A^ 
and Z —)■ A^ is dominant. In this case, we see by Lemma 16.2.61 that there is an 
open subset W C A^ containing S such that the map 0,,,s(Zx) ^qn^iyVx) = 0- In 
particular, [j*(0,j_s(Z^))] = 0, where j : H A^ is the localization map. So, by 
applying [221 Proposition 3.3, Lemma 3.5], we conclude that such Z^ is equivalent 
to 0. The proof of the lemma is now complete. □ 

Proof of Theorem \6.2.1[ This follows immediately from Lemmas 16.1.11 and 16.2.71 

□ 

7. The fs-moving lemma 

We continue to suppose that k is an infinite perfect field, unless stated otherwise. 
As an intermediate step, the goal of this section is to prove Theorem 17. 4. 21 which 
says that the map fsy : TCH]^(1/, u; m) —)■ TCH"'(1/, u; m) is an isomorphism for a 
regular semi-local fc-scheme V of geometric type. In order to answer this question, 
we need various techniques of linear projections inside projective or affine spaces. 

7.1. Some algebraic results. We collect some algebraic results before we delve 
into linear projections. 

Lemma 7.1.1. Let A Zj. B ^ C be local flat morphisms of noetherian local rings. 
Assume that fg and f are Stale. Then g is also Stale. 

Proof. We only need to show that = 0. However, as / is etale, the relative 

differential and the AndrAQuillen homology of C over B vanish. This implies in 
particular that 0 = — ^b/a ®b C. Since / is faithfully flat, we deduce that 

Lemma 7.1.2. Let f : A ^ B be an injective finite unramified local morphism of 
noetherian local rings which induces an isomorphism of the residue fields. Then f 
is an isomorphism. 
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Proof. Let and denote the maximal ideals of A and B, respectively. We 
need to show that / is snrjective. Using the hniteness of / and Nakayama’s lemma, 
it snffices to show that A/xua —t B/vcia is snrjective. Bnt this follows becanse the 
map A/vcia —t B /ms is an isomorphism and so is the map B /vha —t S/ms as / is 
nnramihed. □ 


Lemma 7.1.3. Let f : X ^ Y be a finite and flat map of connected smooth k- 
schemes. Let W <Z Y be an irreducible closed subset and let y & W be a closed 
point. Set S = f~^{y) and W = X Xy W. Let x G f~^{y) and let Z C W' be an 
irreducible component with x E Z. Assume that f is etale at x and k{y) ^ k{x). 
Then, Z H S = {x} if and only if Z is the only component of W passing through 

X. 


Proof. First, suppose S = {x}. We claim that / is an isomorphism locally around 
y, so that the lemma holds trivially. Indeed, it follows from Lemma 17.1.21 that 
the map Oy^y —)■ Ox,x is an isomorphism. This in turn implies that / is a hnite 
and flat map with [k{X) : k{Y)] = 1 (see [5U Ex. 5.1.25]) and hence must be an 
isomorphism. 

We now suppose [S'! > 1. Consider the commutative diagram of semi-local rings: 


(7.1) 


O 


ai 


y,y 


o 


02 


A,5 




X,x 


A 


A 


A 


^w,y -^ Owr.s - Ow' 


W',x 


A 


,X’ 

Here, ai and 0:3 are hnite and hat maps, and 0:2 o ai is etale. Using this, we see 
that the lemma is equivalent to that 0:5 is an isomorphism if and only if is so. 

Assume hrst that 05 is an isomorphism. Since is surjective and 0:3 is hnite, 
we conclude that 7 is hnite. Thus, 7' is a hnite map of local rings. 

Next, since a 2 0 Q;i is etale, we see that 0)4003 is also etale. Since is surjective, 
we see that 7' is nnramihed. Thus, 7' is a hnite and nnramihed map of local rings. 
Since Z —)• fU is surjective and k{y) ~ k{x), by Lemma 17. 1.21 7' is an isomorphism. 
In particular, 04 o 03 is an etale map of local rings such that /ds o 04 o 03 is an 
isomorphism, in particular, etale. It follows easily that (3^ is etale. Thus, is a 
surjective etale map of local rings, but it can happen only if is an isomorphism. 

Conversely, suppose that is an isomorphism. Let p denote the minimal prime 
of Ow',s such that Ow',s/V = Oz,s and let {pi, • • ■ , pm} denote the set of distinct 
minimal primes of Ow',s diherent from p. To show that 05 is an isomorphism, we 
need to show that p -|- pj = Ow',s for all 1 < i < m. 

We hrst make the following 

Claim 1: pjCvLta; = Ow',x for all 1 < i < m. 

('.') Note that Ow',x is an integral domain because Oz^x is an integral domain and 
/ds is an isomorphism. Thus, we must have either piCvKta; = 0, or piOiv',x = CivK',a:- 
In the hrst case, we have piOz,x = 0 as /ds is an isomorphism. Equivalently, 
0!5 ° MPi) = 0 - 
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Since p* 7 ^ p, and pj, p are minimal, there is a* G p* \ p such that 7 ^ 0. 

Hence, 0:5 o 7 ^ 0, because is injective being a localization of an integral 

domain. This is a contradiction. Thus, we must have piOw',x = for each i, 

proving Claim 1. 

Let m be the maximal ideal of Ovv'.s dehning the point x. Using Claim 1, we 
see that for any given 1 < i < m, there exists a* G p* \m in Ow>,s such that 0 : 4 ( 0 *) 
is invertible. Let a = We see that there are nonzero elements 6 , c G Oz',s 

with c ^ m such that c(l — ab) = 0 . 

Claim 2: 1 — a 6 G p. 

(•.•) Let V = 1 — ab. Then, we have cn = 0 G m with c ^ m, so that n G m 
and 04 (n) = 0. If n ^ p, then n G m \ p, so that / 94 (p) 7 ^ 0. This in turn means 
that /Ss o 04 (v) = 05 o I34{v) 7 ^ 0. This contradicts that a^i^v) = 0. Hence, we have 
n G p, proving Claim 2. 

Using Claim 2, we see that v G p, a 6 G p* for all i, while v — ab = 1. This shows 
that p + p* = Ow',s for all 1 < i < m, thus 05 is an isomorphism. □ 

7.2. Linear projections. We recall some known facts and set up our terminolo¬ 
gies used throughout our proofs of the fs-moving and the sfs-moving lemmas in 
the next several sections. 

Notations: Given integers 0 < n < iV, let Gr(n, P^) denote the Grassmannian 
scheme of n-dimensional linear subspaces of P^. A point [xq, • • • , Xr] G P^ is often 
denoted in short by [x]. 

Given two closed subschemes Y,Y' C P^, let Sec(U, U') denote the union of 
all lines lyyi joining distinct points y E Y,y' E Y'. This is called the join of Y 
and Y'. If these are linear subspaces of P^, one checks that dim(Sec(U, U')) = 
dim(y') -|- dim(y'') — dim(U fl Y'') with the convention that dim(0) = —1. In 
general, we have dim(Sec(U, U')) < dim(U) -|- dim(y') -|- 1. If U = U', the scheme 
Sec(U, Y'') = Sec(U) is the secant variety of Y. If U' = L is a linear subspace, then 
Sec(U, L) = Cl{Y) is the cone over Y with vertices in L. 

Given a locally closed subset S C P^, we denote the set of n-dimensional linear 
subspaces of P^ which do not intersect S by Gr(S', n, P^). If S' = {x}, we write 
Gr(S', n, P^) as Gr(a;,n, P^). 

We denote the set of n-dimensional linear subspaces of P^ containing a locally 
closed subscheme S' C P^ by Gr 5 (n, P^). We write Gr 5 (n, P^) as Gra,(n, P^) if 
S = {x} is a closed point. One checks that Gr(n, P^) is a homogeneous space of 
dimension (N —n)(n-|-l). If M C P^ is a linear subspace of dimension 0 < m < n, 
then CrM^n, P^) is a homogeneous space which is an irreducible closed subscheme 
of Gr(n, P^) of dimension {N — n){n — m). Given two distinct locally closed subsets 
S,S' C Pf, we let Gr 5 (A',n,Pf) := Grs(n, Pf) O Gr(^', n, Pf). 

For a scheme X, let Xging C X be the singular locus of X and let Xs^ be its 
complement. For a closed subscheme X C P^, let Gr*''(X, n, P^) denote the set of 
n-dimensional linear subspaces which do not intersect Xsmg, and possibly intersect 
Xsm transversely. We let Gr*''(S', X, n; P^) = Gr(S', n;P^) fl Gr*'’(X, n; P^). 

In the above, for any linear subscheme L C P^, we can also dehne Gr(S', n, L), 
Gr 5 (n, L), or Gr*'^(X, n, L), similarly. The following result is elementary. 
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Lemma 7.2.1. For any finite set S C , Gr(S',n,P^) C Gr(?T,,P^) is a dense 
open subset. Moreover, if S' C S, then Gr(S', n, P^) C Gr(S", n, P^). 

Proof. The lemma is easily reduced to showing that Gr(a;', n, P^) nGra;(?T,, P^) 7 ^ 0 
whenever x ^ x' E P^. But this is immediate since N > n. □ 

7.2.1. Affine Veronese embedding. Recall that for positive integers m,d> 1, the 
Veronese embedding Vm,d ■ P™ ^ P^ is a closed embedding given by Vm,d{[x\) = 
[Mq{x), ■ ■ ■ ,Mjv(;r)] = [M{x)], where N = — 1 and {Mq, • • • ,Misf} are all 

monomials in {xq, • • • ,Xm} of degree d, arranged in the lexicographic order. 

If [yo, • • • , pn] E P^ are the projective coordinates, it is clear that ({i/o = 0}) = 
{xq = 0}. In particular, the Veronese embedding yields Gartesian squares 


(7.2) 




pm 


dH, 


'^m,d 

‘dm.jd 

- 



m,0 

'^m,d 




pA 


H 


Nfl, 


where i7m,o C P™ is the hyperplane {xo = 0 } and the vertical arrows are all closed 
embeddings. The closed embedding Vm,d ■ A™ ^ is given by 

(7.3) VmAvi^ ■■■ ,ym) = (Ml, • • • , Mat), 

where {Mi, • • • , Mat} is the ordered set of all monomials in {yi, • • • , ym} of degree 
bounded by d. It will be called the affine Veronese embedding in the sequel. 


7.2.2. Linear projections. Let’s say two linear subspaces L, L' C P^ are comple¬ 
mentary if L n L' = 0 and Sec(L, L') = P^. Given two complementary linear 
subspaces L and L' of dimensions iV — r — 1 and r, respectively, there is a linear 
projection morphism : P^ \ L ^ L'. Up to a linear change of coordinates 
in P^, this map can be dehned by the sections (sq, • • • , of C>p^(l) such that 
(so, • • • ,Sr, Sr+i, • • • , Sat} is a basis of i7°(P^, 0{1)). Notice that dehnes a vec¬ 
tor bundle morphism over L' of rank N — r, whose hber over a point x E L' is the 
affine space Cx{L) \ L, where Cx{L) = Sec(x, L). 

Observe that if 77 C P^ is a hyperplane containing L' and X C P^ is a closed 
subscheme with X 0 L = 0 (in particular, dim(X) < r), then dehnes the 
Gartesian squares of morphisms 

(7.4) X\77^X^Xn77 

L'\H ^L' ^L' nH. 

Since X —)■ L' is projective with affine hbers, it must be hnite. In particular, the 
map X \77 —)■ L'\77 of affine schemes is also hnite. We identify L' ~ P^. Together 
with fl7.2p . we deduce the following fact, which we use often: 

Lemma 7.2.2. Let X ^ Aff be an affine scheme of dimension r > 1 and let 
X ^ P™ be its projective closure. Then, for d > 1, the Veronese embedding 
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^ Ojud the linear projection away from L G Gr(iV — r — 1, P^) yield 
a Cartesian diagram with finite vertical maps: 

(7.5) 

<f>L 

ifLe Gr(X, N-r-C C Gr(X - r - 1, Pf), where = [y, = 0} C Pf 
as in 07.21) . 

To ensure that the collection of such linear subspaces is nonempty, we use the 
following often. 

Lemma 7.2.3. Assume that k is algebraically closed. Let X C P^ be a closed 
subscheme of dimension r > 1 with iV 3 > r and let H ^ P^ be a hyperplane, not 
containing X. ThenGi{X,N—r — l,H) is a dense open subset of Gt{N— r — 1, H). 

Proof. Gonsider the incidence variety S = {(x, L) G X x Gr(X — r — 1, H)\x G L} 
and let X := X G H. We have the obvious projection maps 

(7.6) X^^S^^GT{N-r-l,H). 

The fiber of tti over X \ X is empty and it is a smooth fibration over X with 
each fiber isomorphic to Gr(X — r — 2, P^“^). It follows that dim(S') = dim(X) + 
dim Gr(X — r — 2, P^~^) = r — 1 + r{N — r — 1) = r{N — r) — 1. Thus, 7i2{S) 
is a closed subscheme of Gr(X — r — 1,77) of dimension < r{N — r) — 1 which 
is less than dim Gr(X — r — 1, 77) = r{N — r). Hence, Gr(X, X — r — 1, 77) = 
Gr(X — r — 1, 77) \ 7r2(S') is a dense open subset. □ 

Lemma 7.2.4. Assume that k is algebraically closed. Let r >2 be an integer and 
assume X S> r. Let 77 ^ P^ be a hyperplane. Let L C P^ be a linear subspace 
of dimension X — r + 1 intersecting 77 transversely and let X d L be a curve (not 
necessarily connected). Then the set of linear subspaces in Gr*’’(L, X —2, 77) which 
do not intersect X, is a dense open subset o/Gr(X — 2,77). 

Proof. Observe that Gr*’’(L,X — 2,77) is a dense open subset of Gr(X — 2,77). 
Gonsider the map : Gr*''(L, X —2, 77) —)■ Gr(X —r — 1, Ln77) given by = 

L DM. This vl is a smooth surjective morphism of relative dimension 2(r — 1). It 
follows from Lemma 17.2.31 that Gr(X, X — r — 1, L fl 77) is a dense open subset of 
Gr(X — r — 1, L n 77), so vf^{Gi{X, X — r — 1, L fl 77)) is a dense open subset of 
Gr*’’(L, X — 2, 77), and hence a dense open subset of Gr(X — 2, 77). □ 

7.3. The fs-moving lemma. Let X be a smooth affine /c-scheme of dimension 
r > 1. Let 7? be a geometrically integral smooth affine /c-scheme of positive 
dimension with a geometrically integral smooth projective compactification B such 
that 7^ := 7? \ 7? is an effective divisor. 

Notations ; Let X be a compactihcation of X and let IX C X x 7? be a 
closed subscheme. Let / : IX —)• X and ^ : IX —?■ 77 be the composites with the 
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projections. Then for any morphisms X' ^ X and B' —)■ 5, we denote by Wx' 
and the schemes defined by the Cartesian sqnares 


( 7 . 7 ) 


Wx' W W^' 


w 




9 

B. 


In particular, for any x G X, we write / ^(x) as W^- 


Definition 7.3.1. Choose a closed embedding X A™ and let X be its closure 
in P™. For an L G Gr(X, iV — r — 1, P^), let : X —)■ P^ be the finite projection 
map as in ^7.2.21 Let (j)L,A : X x A —)■ P^ x A be the map (I)l x Id^ for any fc-scheme 
A. We often write it just as 0^. 

Given a hnite and flat map h : X —)■ X' and a cycle Z on X x 5, the cycle 
h* o h^{\Z]) — [Z] is called the residual cycle of [Z], and denoted by h^{\Z]). In 
case Z G Tz'^(X, n;m), the flat pull-back h* and the projective push-forward h* of 
additive cycles exist (see [23 Theorem 3.1], [26l §3.3, 3.4]). 

The reader should observe that [Z] may still be a component of hA{[Z]) in gen¬ 
eral. By extending linearly, li^{—) is defined on the full cycle complex Tz^(X, n; m). 
For a map 0^, : X —)■ as above, we write 0^([Z]) as L+([Z]). 

Let Z C X X i? be a closed subscheme of dimension r and let Z C X x i? be its 
Zariski closure. (Later, we will consider B = Alx and i? = = P^ x .) 

Let f : Z ^ X and / : Z —)■ X be composites with the projections. Let 
{Zi, • • • , Zg} be the set of irreducible components of Z. For a given 1 < i < s, we 
hx closed points Xj G X, bi E B such that = (xi, bi) G Zj, with ^ Zj if j ^ i. 
Since each Zj ^ 0, such closed points always exist. Let Dq C X be a hnite set 
of closed points containing {xi, • • • ,Xs} and let <Z B he a. hnite set of closed 
points containing {bi, • • • , Set = F U F°. 

For every x G X, let L+(x) = 07^(0 l(x)) \ {x} and let L+{Do) = (pl^{(pLiDo)) \ 
Do. Under these conditions, we wish to prove the following. 


Lemma 7.3.2. Assume that X is not isomorphic to an affine space over k and 
that no component of Z is contained in X x E^. After replacing the embedding 
X ^ P™ by its composition with a suitable Veronese embedding P^ ^ P^, a 
general L G Gr(X,X — r — l,Hx,o) satisfies the following, where Hxp is as in 

(O}. 

(1) (pL is etale at Dq. 

( 2 ) 4 >l{x) 7 ^ 4 >l{x') for x ^ x' E Dq. 

(3) kipAx)) ^ kix) for all x E Dq. 

(4) L+(x)^0/or allxEDo. 

(5) L+iDo) n /(Z^°) = 0. 

For any 1 < i < s such that f : Zi ^ X is not dominant, we also have 

(6) L+{Do) n /(Z,) = 0. 

Proof. Replacing the given embedding X P^ by its composition with a Veronese 
embedding, we may begin with a closed embedding X P^ such that N ^ r 
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and the degree of X in is bigger than one. Let Xsing denote the singular locus 
of X. Since k is perfect, we see that dini(Xsing) < r — 1. 

Step 1. We first assume that k is algebraically closed. Let W G X x B he 
the closure of Z in X x B. Since Z is an r-dimensional scheme none of whose 
component is contained in df x and F C i? is an effective divisor, we see that 
dim(iy^°) < r — 1 . Since / is projective, we see that f(W^°) is a closed subscheme 
of X of dimension < r — 1. 

Let Znd be the union of irreducible components of Z which are not dominant 
over X and let Z^d be its closure in X x J3. Then, /{Z^d) is a closed subscheme of 
X of dimension < r —1. So, := Xsmgh) f{W^°)U/{Z^d) is a closed subscheme 
of X of dimension < r — 1. We conclude that dim(Sec(Fi, U D 2 )) < r for any 
hnite subsets Di, D 2 G X of closed points. 

Let be the union of the tangent spaces to X at all points of Dq. 

This is a finite union of linear subspaces of dimension r. Thus, for each x G Dq, 
Zfi° := XurQ^^^USec({a:}, T’^°U(Fo\{a:})) is a closed subset of P^ of dimension r. 

Now by Lemmas l7.2.2l and l7.2.3[ the set V{^° := flxeDo iV—r —1, Hn,o) is 

dense open in Gr(iV—r —1, Hisf^), and for every L G , the map '■ 
induces a hnite map ■ X ^ which satishes the properties (2), (3), (5) and 
( 6 ), and is unramihed at Dq. Since 0^ is a hnite map of smooth schemes of same 
dimension, it is also hat by m Exercise III-10.9, p.276]. Hence, is etale at 
Dq, giving the property (1). The property (4) follows because deg((f)L) > 1 by the 
assumptions on X. 

Step 2. Now suppose that k is any infinite perfect field. For any fc-scheme A, 
let TT^ : —)■ H be the base change. Let Dq = {x\, ■ ■ ■ ,Xs,x<j+i, • • • ,Xp}. For 

1 < i < p, let S'i = 'Kf}{xi) = {x},--- ,xl"} and let S = Ur=i*S'i- Since Dq 
is a set of smooth points of X, we see that S' is a set of smooth points of X-^. 
Let Z-^ = and F° = Fp U 7rjj^(F°). Notice that no component of Zp is 

contained in X^ x F^. 

Using Step 1, we choose an embedding rj : X ^ P^ such that for the inclusion 
X-j^ ^ PF^ there is a dense open subset U G Gr(iV — r — 1, q-^) such that 

each L E U satishes the assertions of the lemma with S G F° C B-^ and 
Zj G X^ Xfc -Bfc chosen as above. 

Let M = dim Gr(X — r — 1 ,F^qj;) = dim U. Since Gr(iV — r — 
contains an affine space AN as an open subset, by replacing U hyU G AF, we may 
assume lA G AN. Since k is inhnite, the set of points in AN with coordinates in 
k is dense in AN. Hence, there is a dense subset of lA each of whose points L is 
dehned over k, i.e., L G Gr(X — r — 1, Since X fl L = 0 by the choice of L, 

we can apply Lemma [7.2.21 to get a hnite map : X —)■ over k. We show that 

0 L satishes the properties ( 1 )~( 6 ) of the lemma. 

Since is already hat (by [IHl Exercise HI-10.9, p.276] being a hnite map of 
smooth schemes), to prove ( 1 ), we only need to check that it is unramihed at each 
point of Dq. So, hx a point x E Dq and let y = 0l(x). Given a point x' E tix^{x), 
let y' = (l)L^{x') and ^ = k{x'). This yields a commutative diagram of regular local 








ALGEBRAIC CYCLES AND CRYSTALLINE COHOMOLOGY 


35 


rings 

( 7 . 8 ) 

Ox,x — Oxi,x'- 

Since k is perfect, the two horizontal maps are etale. We had shown previously 
that the map —)■ Ox-r.x' is etale. Equivalently, the map y, — Oxi,x' 

is etale. Thus, the composite map OAi,y —)■ Ox,x —^ ^Xt,x' is etale. Now, by 
Lemma 17.1.11 the map Oaj,?; —^ Ox,x is etale. This proves (1). 

Before we go further, we check the following claim. Consider the Cartesian 
square 


(7.9) 



At 

k 


■7TX 


77 a’' 



Claim: For a closed point x E X and y := (j)L{x), one has |7r^r (i/)| < |7r3^^(a;)|, 

and the equality holds if and only if [k{x) : k{y)] = 1. Furthermore, this equality 

holds if the map —)■ is injective. 

(■.■) Since k is perfect, we have |7r3^^(a;)| = [k{x) : k] and |vr^r(i/)| = [k{y) : k]. 

The inclusions k ^ k{y) ^ k{x) imply the hrst assertion. Next, the injectivity of 
the map —)■ x~f}{y) implies that |vrA’'^(l/)| > |7r3^^(a;)|. The second part 

of the Claim follows now. 

We now go back to the proof of the remaining properties of 0^. Since the map 
is injective on S, the properties (2) and (3) follow directly from the above 
Claim and our choice of S. 

Since T+(S') fl = T+(S') fl /^((Z^jnd) = 0, the properties (5) and (6) 

follow, if the following assertion holds: 

(*) ’rj‘(L+(Co)) = i+(S) and ’’^(/(Z’'")) = A(zf). 

To prove (a), it is clear from the choice of S that ^+(5) C Suppose 

now that there is an x' G \ S such that o cjj^^x') = ((>l{x) = y for some 
X G Dq. This implies that x' G 0jj^((7rA’')“^(i/)). 

On the other hand, it follows from the Claim and our choice of S that x^r{y) = 
(j)L-{7if^^{x)). We deduce that x' G 0 jj^0i_(7r3^^(a;)))\S'and hence a:' G L~^{7if^^{x)) C 

To prove the second equality of (a), it is again clear that /^(ZT°) c 7 r3^^(/(Z'^°)). 
For the reverse inclusion, let x' G be such that x = tix { x ') G f{Z^°). This 
implies that there is a = {x,b) G Z^° with /(a) = x and b G F^. This implies 
that a' = {x',b) G fj{a') = x'. This proves (a). 

To prove (4), recall that 0 a : X —)■ is hnite and flat. By our assumptions on 

X, it is not an isomorphism. Since 0 l is etale aX. x & Dq with k{(l)L{x)) ~ k{x), the 
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set L+(x) must be nonempty, as shown in the proof of Lemma [7.1 .Si This proves 
the property (4), thus completes the proof of the lemma. □ 


7.4. The fs-moving for additive cycles. We now apply Lemma [7.3.2l to additive 
cycles, where we take B = Alx B = Bn = ^ and F = Fn = Bn\Bn- 

We remark that one can check that exactly the same proof also yields a similar 
lemma for higher Chow cycles, with B = and S = 

Proposition 7.4.1. Let V = Spec {R) be an r-dimensional regular semi-local k- 
scheme of geometric type with the set of closed points S. For integers m,n >1, 
let a G Tz"'(V,n;m) he a cycle. 

Suppose no component of a is an fs-cycle. Suppose further that r > 1 and that 
V is not a-linear (see Deftnition \5.1.3\) . Then we can find 

(1) an affine atlas (X, S) for V, 

(2) a cycle a G Tz'^(X, n; m) with a = ay- 

(3) a finite and flat map cf : X —)■ A^, and 

(4) an affine open neighborhood U <Z X of 

such that the following hold: 

(A) If Zi is a component of a which is dominant over V, then for every com¬ 
ponent Z' of L^{[Zi\), the map Z'^ ^ U is finite and surjective. 

(B) If Zi is a component of a, not dominant over V, then L~^{[Zi])u = 0. 


Proof. Let (X, E) be an affine atlas for V such that for a cycle a G Tz"'(X, n;m), 
we have a = ay- See Lemma 12.4.31 Here, every component a is the closure of 
exactly one component of a in X x B^. Since V is not o-linear, X is not isomorphic 
to an affine space over k. Let {Zi, • • • , Z^j be the set of irreducible components a 
and let Z := Supp(a), Z := Supp(a) = lJi=i 

Let Z and Zi be the closures of Z and Zi in X x Bn- Let f ■. Z ^ X x Bn ^ X 
and f ■. Z ^ X X Bn ^ X he the composites with the projection maps. Similarly, 
dehne 'g : Z ^ Bn- Note the map / is projective. 

For given 1 < i < s, we £x closed points G X, bi E B such that a* = {xi, bfl G 
Zi and Q!j ^ Zj for i j. Since each Zi 0, such closed points always exist. 
Note that Z is an r-dimensional cycle in X x none of whose component is an 
fs-cycle over V, so in particular, no component of Z is contained in X x {b} for any 
closed point b E Bn (for otherwise, the component contained in X x {b} is finite 
surjective over X so that it gives an fs-cycle over V, contradiction to the given 
assumption). Set Dq = {xi, • • • , Xs} U S, = {bi, • • • , 6 ^} and U E^. 

Let 0L : X —)■ and 0^ : X —)■ be the hnite maps which satisfy the 

properties (1)~(6) stated in Lemma 17.3.21 with Z, Dq and F^ as chosen above. 
Note that the map 0 l : X —)■ A^ is flat because X is smooth of dimension r using 
m Exercise III-10.9, p.276]. For simplicity, write 0 = 0 l, 0s„ = (j)L x Ids„, and 


= ^lX Id^^. 

For an irreducible component Zj of Z, note that the irreducible components 
of L~^{Zi) are exactly the restrictions of the irreducible components of L^^Zf) to 


X X Bn. 

Claim 1. No irreducible component of L^{Zi) coincides with Zi. 
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(•.•) Let Hi = (l){xi) and (3i = = {yi,bi). Set 

Y, = /(Z,), K.“ = /(Zf“), W, = ^fl„(Z,) and Wt = ,PsJZ.). 

One checks from the dehnitions of the flat pnll-back and proper push-forward 
of cycles ([23 Theorem 3.1], [26l § 3.3, 3.4]) that Zi is not a component of L+(Zj) 
if and only if the map Owi,i 3 i —t O^. p. of semi-local rings is an isomorphism. We 
prove the latter. 

It follows from the property (5) of Lemma [7.3.21 that the map 
is an isomorphism. By the property (1) of Lemma [7.3.21 the map 0 is etale in an 
affine neighborhood U' of Dq, and hence (pg is etale in U' x Bn. In particular, 
it is etale at a* G U' x Bn, thus the map Owi,0i —t is unramihed. By the 

property (3) of Lemma 17.3.21 of the map (p, we have fc(/9i) ^ k{ai). We conclude 
that Owi,i 3 i —t p. is an injective, finite and unramihed map of local rings which 

induces isomorphism of the residue helds. But, by Lemma 17.1.21 it must be an 
isomorphism, proving Claim 1. 

We now prove (A). Let Zi be an irreducible component of Z which is dominant 
over V. Let Z' be an irreducible component of L^{Zi). By Lemma 15.1.51 it is 
enough to show that Z' fl (S x = 0. 

Toward contradiction, suppose there are closed points a; G S and 6 G such 

that A = (x, h) G Z'. Note that A = (x, h) G Z' means that there is a point 

x' G cp~^{(p{x)) such that A' = (x', h) G Zi. If x' ^ x, then x' G L+(x) and x' G 
which cannot happen by the property (5) of Lemma [7.3.2[ So, we must have x' = x 
so that A = (x, 6) G Z' n Zj. We show this cannot happen either. 

Let i = (PbS^) = = {y,h). Let S := = (p-^{y) x {6}. Since 

(p^^ is etale in U' x Bn, it is etale at A. By the property (3) of Lemma 17.3.21 of the 

map (p, we have k{^) ^ k{\). 

Claim 2. Zj n S' = {A}. 

(•.•) If not, then there is a point A' = (x', 6) G Zj with A' G S' \ {A}. Then we 
must have A' G Zf^ and x' G L+(x). In particular, x' G nL+(x). But, again by 
the property (5) of Lemma [7.3.21 of the map (p, this is a contradiction, so we have 
Claim 2. 

Now, that A G Z' n Zj and Claim 2 together contradict Lemma 17.1.31 Hence, 
Z' n (E X Fn) = 0 as desired, proving (A). 

We prove (B) now. Suppose next that Zj is an irreducible component of Z which 
is not dominant over V. Suppose that Z' is some component of L’''(Zj) such that 
Z' n (S X Bn) 7 ^ 0. Then we can hnd x G S and b ^ Bn such that A = (x, b) G Z'. 
This means that there is a point x' G (p~^{(p{x)) such that A' = (x', 6 ) G Zj. If 
x' G ^■'■(x), then we must have x' G L+(x) flTj, which is empty as before. If x' = x, 
then we must have A = (x, 6 ) G Z' fl Zj. But the same proof as above shows that 
this can not occur. We conclude that /(L+(Zj)) is a closed subset of X disjoint 
from E. Hence we can choose an affine open neighborhood H of E in X such that 
L+((Zj)t/) = 0. This proves (B), and proof of the proposition is now complete. □ 
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Theorem 7.4.2 (The fs-moving lemma). Let V = Spec (i?) be a regular semi¬ 
local k-scheme of geometric type with the set of closed points S. Suppose that 
r = dim(\/) > 1 and let m,n > 1. Then the map fsy : TCH]^(y,n;m) —>■ 
TCH"(V, n;m) is an isomorphism. 

Proof. From the definition of TCH^(y, n;m), the map fsy is injective. We prove 
surjectivity. Let 7 G Tz"(l/,u;m) be a cycle with 9 ( 7 ) = 0. Write 7 = a + /3, 
where no component of a is an fs-cycle and every component of ft is an fs-cycle. 

First suppose that V is a-linear, so there is an atlas (A^, S) for a. In this case, 
by Theorem 16.2.11 we can write a = ai + d{a2), where oi G TZg£g(I/, n; m) C 
Tz^(I/, n; m) and 02 ^ Tz"'(I/, u + 1; m). In particular, 7 = oi + + 9(02)- So, for 

7' := Q!i + /3 G Tzj^(I/, u; m), one immediately has df-^') = 0 and 7 — 7' = 9(02), 
proving the theorem in this case. 

Now suppose V is not a-linear. By Lemma [2.4.31 there is an affine atlas {X, E) 
for V, and cycles a,ft,j G Tz"'(X, n;m) such that ay = fty = ft, 7 ^ = 7 , 
7 = a + and ^( 7 ) = 0, and X is not isomorphic to A^. Moreover, by applying 
Proposition 17.4. II to a, we may assume 0 : W —)■ A^ is a finite fiat map as in loc.cit., 
and a satisfies all the properties there. Let S' = 0(S), which consists of finitely 
many closed points of A^. Let V' = Spec (C>a^,s') and W := X x^r V'. Here 
there are inclusions S C H C IF C X, and a finite fiat morphism 0 : IF —)■ F'. 
Furthermore, V is 0 *( 7 )-linear by definition. 

Write a = a .1 + a. 2 , where each component of cxi is dominant over X and no 
component of 02 is dominant over X. So, we can write 

7 = «! + 02 + = («! - + («2 - 0 * 0 *( a 2 )) + (/^ “ 

Let a' := a* — for i = 1,2, and ft := ft — 0*0*(/3). Note that 0* 

and 0* preserve the fs-cycles so that ft is an fs-cycle. On the other hand, by 
Proposition 17.4.IT BI. we have if(y.' 2 )y = 0, while by Proposition 17.4.IT AI we have 
{oi'])y G Tzj'(F,n;m). Finally, since 7 G Tz"'(X,n;m) with 0(7) = 0, we have 
0*(7) G Tz"'(A^,?7,;m) with 0(0*(7)) = 0. Furthermore, V is 0*(7)-linear, so by 
Theorem 16.2.11 there are cycles pi G TzJ^(F',u;m), and 72 £ Tz''(F',?7, -|- l;m) 
such that j*(0*(7)) = 71 + dp 2 - This is equivalent to = hi + ^h2- Hence, 

= 0*(hi) + 0*(^h2) = 0*(hi) + d{(f*p2)- NoteJ)*0*(7w)K = 

Hence, combining these, we have 7 = ( 7 )^ = {a[)y +fty + {(j)*{pi))y + d{{(j)*p 2 )v, 
where 71 := {a'i)y + fty + (0*(hi))v G Tzj'(F,n;m). Since dp = 0, we also deduce 
dpi = 0. This complete the proof. □ 

8 . The sfs-MoviNG lemma I: Admissible linear subspaces 

Let k be an infinite perfect field. From 1 18.21 to the end of 1|9], we suppose k is 
algebraically closed. The goal of the next a few sections is to show that the map 
sfsy : TCHg£g(F, u; m) —)■ TCHj'(F, n; m) is an isomorphism for a regular semi-local 
fc-scheme F of geometric type. As for the fs-moving lemma in l|7l we use techniques 
of linear projections inside projective and affine spaces to reduce to the case when 
F is linear with respect to a given admissible cycle. In this section, we define 
certain admissible linear subspaces and loci in a Grassmannian space and prove 
some results on them. These results contribute to the final proof of the sfs-moving 
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lemma. For the definition and some elementary properties of sfs-cycles, see ^ We 
use the notations and terminologies of 1 17.21 on linear projections. 

8.1. Rectifiable cycles. Let X be an irreducible quasi-projective scheme over k 
of dimension r > 1. Let Xfg C X be a fixed dense open subset which is smooth 
over k (possibly smaller than Xsm) and let Xnfg be its complement. Notice that 
Xsing C Xnfg. Let R be a geometrically integral smooth affine scheme over k 
of positive dimension, and let R be a geometrically integral smooth projective 
compactification of R. Let Z be a cycle on X x R and let {Zi, • • • , Z^} be its 
irreducible components. Let / : Z —)■ X and g Z ^ B he the restrictions of the 
projection maps. 

Definition 8.1.1. We say that Z is a rectifiable cycle, if the following hold for 
each irreducible component Zj of Z: 

(1) the map Zj —)• X is finite and surjective over Xfg, and 

(2) the map Zj —)■ R is not constant. 

When no confusion arises, we will say that Z is an fs-cycle (over Xfg), if each Zj 
satisfies (1), but not necessarily (2). Certainly this notion depends on the choice 
of Xfg, but it is invariant under shrinking Xfg once it is an fs-cycle. 

8.2. Admissible linear subspaces. We assume for the rest of l| 8 ]that the ground 
field k is algebraically closed. 

Suppose X is projective and fix a closed embedding g : X ^ such that 
X S> r and of degree d -f- 1 3> 0. We fix Xfg and fix a closed point x G Xfg. Let 
Z be a rectifiable cycle on X x R with irreducible components {Zf, • • • , Zg}. Let 
f : Zi ^ X and g : Zi ^ B he the projections. Let S' C X \ {x} be a given finite 
set of closed points. 

Definition 8.2.1. We say that a linear subspace L G Gr(X — r,P^) is (Z,x)- 
admissible, if the following hold: 

(1) Ln(x„fgU^) = 0. 

(2) L intersects Xfg transversely. 

(3) L n X = {x = xo, xi, - ■ ■ , Xrf} with Xj ^ Xj for i j. 

(4) Each Zj is regular at all points lying over {xi, • • • , x^}. 

(5) g{Z^fi n g{Z,^.) = 0 for 0 < i 7 ^ j < d. 

Note that L G Gr(X — r,F^) is (Z, x)-admissible if and only if it is (Zj,x)- 
admissible for every irreducible component Zf of Z. The following is an “interme¬ 
diate” version of Definition 18.2.11 

Definition 8.2.2. For 1 < n < d — 1 and 0 < m < n, we say that a member 
L = (L, Xf, • • • , Xd) G Gr(X —r, P^) x X'^ is (Z, x, m, n)-admissible, if the following 
hold: 

(1) L n (Xnfg u ^) = 0. 

( 2 ) L intersects Xfg transversely. 

(3) L n X = {x = Xo, Tf, • • • , Xd} with Xj 7 ^ Xj for i 7 ^ j. 

(4) Each Zj is regular at all points lying over {xi, • • • ,x^}. 

(5) g{Za;i) n g{Z^fi = 0 for 0 < i 7 ^ j < n. 
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(6) n = 0 for 0 < i < m. 

Note that L is (Z, x, m, n)-admissible if and only if it is (Z*, x, m, n)-adniissible 
for every irreducible component Zi of Z. Note also that L G Gr(iV — r, P^) is 
{Z, a;)-admissible if and only if L is {Z, x,d — l,d — l)-admissible. We now dehne 
the admissible locus of the simplest kind: 

Definition 8.2.3. Let Um% C Gra;(iV — r, P^) x be the subset parameterizing 
all (Z, x, m, n)-admissible points and let Gtx{N — r, P^) be the image of 

Um^n under the projection Gra.(iV — r, P^) x —)■ Grj.(iV — r, P^). Let L/^dm 

Gra.(iV — r, P^) be the subset parameterizing all (Z, a;)-admissible points. 

Before we proceed to the relative notion of admissibility, we prove the following: 

Lemma 8.2.4. Suppose r = 1, N ^ r and let x ^ y he two closed points on Xs^. 
Let Grj;+ 2 y(X —1, P^) C Gr(X — 1,P^) he the set of hyperplanes containing {x^y} 
that do not intersect X transversely at y. Then Gix+ 2 y{N — 1,P^) — P^~^- 

Proof. Since X 3> r = 1, we can hnd a linear form si & W = H°(P^, 0{1)) which 
does not vanish at {x,y}. This yields a /c-linear map a : W ^ Ox,{x,y}l^x'<^^ 
given by q;(s) = s/si. Since k is algebraically closed and so rrij^ is generated by 
linear forms vanishing at y, we see that the composite map W Ox,{x,y} / 

Ox,ylva^ is surjective and a~^(x(\^) is precisely the set of linear forms in W not 
transverse to X at y. 

Since x, y are two distinct smooth closed points of X, the set Gry(a;, X — 1, P^) 
is nonempty and hence vc\.y/vc\.xvc\.y ^ O^x} and there is a commutative diagram of 
short exact sequences: 




a 


0 ^ xnxXny/vcixVCil vciy/ml —^ 0{x} 0 . 

In particular, the first vertical map is surjective. Since GixijJiN — 1,P^) ^ 0, 
we conclude that a is surjective. We now have a commutative diagram of short 
exact sequences 

(8.2) 0 — ?■ hh {—X — 2y) 0{x+2y} — ^ 0 


0-^ ^ W 


Since the last vertical arrow is surjective with one-dimensional kernel, it fol¬ 
lows that the hrst vertical arrow is injective with one-dimensional cokernel. Since 
|Q;“^(my)| ~ P^~^, we conclude that Gix+ 2 y{N — 1,P^) — \W{—x — 2y)\ ~ 

P(^“l □ 


Lemma 8.2.5. Suppose r = 1 and let S C X \ {x} be a finite set of closed points 
in X. Then the set C Gr 2 ;(X — 1,P^) consisting of hyperplanes H such 
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that a member ^ G Gra;(A^ — x satisfies the conditions (1) (4) of 

Deftnition \8.2.Si is a dense open subset of Gy^{N — 1,P^). 

Proof. Since f : Z ^ X is finite over Xfg and since dini(Zsing) = 0, we see that 
/(Zsing) is a finite closed snbset of X. Since dini(X) = dini(Xfg) = r = 1, we 
have |Xnfs| = |X|| < oo. Hence, T = (/(Zging) U Xnfg U S') \ {x} is a hnite closed 
snbset of X. Hence, the hyperplanes not intersecting T form an open subset of 
Gr(X —1,P^). Note also that the set of hyperplanes in Gr(iV—1,P^) which do not 
intersect T and possibly intersect X transversely along Xgm form an open subset 
of Gr(X — 1,P^). We conclude that the hyperplanes H satisfying the conditions 
(1) ~ (4) of Dehnition l8.2.2l form an open subset of Gr^i^N — 1, P^). We only need 
to show that this set is nonempty. 

For any y G Xgm, let rxiy denote the maximal ideal of Ox,y Let V be the set 
of linear forms of VF = H^{F^,0{1)) that vanish at x. Note dim \V\ = N — 1. 
Since x G Xsm, we see that is generated by the elements of V. In particular, 
if we choose Si not vanishing at x, then the map a : V —)■ ma;/m^ given by 
a(s) = s/si is surjective and = P(ker(a)) is exactly the set of hyperplanes 
passing through x, but not transverse to X at x. It is clear that dim(Zi) 3 .) = 
N-2< dim(Gr^(iV - 1, P^)). 

Let C X X |F| be the set of pairs {y, H) such that H passes through y, but 
not transverse to X at y. Let’s hrst study the hber of tti : —)■ X over each 

y G Xsm \ {x}. Ghoose si G F such that si(x) = 0 but sfiy) ^ 0. Gonsider 
the map fi : V ^ Ox,y/my given by fi{s) = s/si. Since dim |F| = X — 1, while 
Gr{a;^y}(X — 1,P^) ~ P^“^, and GY[x+ 2 y}{N — 1,P^) ~ p^-3 py Lemma [8.2.41 
we see that (3 is surjective and P(ker(/5)) = 7Tf^{y) has dimension at most X — 3, 
because dmik{Ox,y/vi(^) = 2 . 

Thus, dim(H') < dim X + dim( 7 rh^(i/)) < 1 + X —3 = X —2. Taking the image of 
the projection 712 : —)■ |F|, we see that the set of hyperplanes in Gra;(X — 1 , P^) 
that are not transverse to X at its smooth intersection points form a proper closed 
subset. Since X S> 0 and T is hnite, the set of hyperplanes that pass through 
X, but not through T is a dense open subset of Gr 3 ,(X — 1,P^). Hence, we have 
shown that C Gr 3 ;(X — 1, P^) is a dense open subset. □ 

8.3. Admissibility relative to a linear subspace. Now suppose r > 2, and let 

Lq G Gr(X — r + 1,P^) be a hxed (X — r + l)-dimensional linear subspace. A 
hyperplane in P^ intersects Lq in a linear subspace of dimension at least X — r. 
The subset Gr*’’(Lo,X — 1,P^) C Gr(X — 1,P^) of hyperplanes intersecting Lq 
transversely, is open and its complement is isomorphic to P^”^. Since dim Gr(X — 
1,P^) = X > r — 2, Gr*''(Lo,X — 1,P^) is a dense open subset of Gr(X — 1,P^). 

Definition 8.3.1. Under the above notations, dehne the regular map of schemes 

(8.3) Ol, : GfifiLo, X - 1, P^) ^ Gr(X - r, Lq) 

given by 6lo{,H) = H G Lq. 

One checks that 9^^ is a surjective smooth morphism of relative dimension r — 1. 
Here is a relative version of Dehnition 18.2.21 
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Definition 8.3.2. Let S C X\{a;} be a finite set of closed points. For 1 < n < d—1 
and 0 < m < n, we say that ^ ■ ■ ■ ,Xd) E Gt^^{Lo,N — x is 

{Z, X, m, n)-admissible relative to Lq if {6lq{H),xi, • • • , Xd) E Gr(iV—r, Lo)xX'^ ^ 
Gt{N — r, P^) X X'^ is {Z, x, m, n)-admissible. 

We say that H E Gy^^{Lq,N — 1,P^) is {Z,x)-admissible relative to Lq if there 
exists I£ = {H, xi, - ■ ■ , Xd) E Gr*'’(Lo, — 1, P^) x X'^ which is {Z, x,d — l,d— 1)- 

admissible relative to Lq. 

We see that is {Z, x, m, n)-admissible relative to Lq if and only if it is (Z,, x, m, n 
admissible relative to Lq for every irreducible component Zj of Z. Here is a relative 
version of the admissible loci of Dehnition 18.2.31 

Definition 8.3.3. Recall Gi^^{Lq,N - l,Pf) := Gr*’'(Lo,iV - RPf) G Gi^{N - 

1,P^). Let C Gr^’^(Lo, ^ be the set of all points that are 

(Z, x, m, ?7,)-admissible relative to Lq and let C Gr*''(Lo, A^ — be the 

image of under the projection Gr*’’(Lo, A^ — ^ Gr^'’(Lo, A^ — 

1,P^). Let C Gr*'’(Lo 5 A^ — be the set of all points that are (Z, x)- 

admissible relative to Lq. 

Before we move on to the proof of openness of admissible loci and 
we prove the following higher dimensional analogue of Lemma 18.2.51 

Lemma 8.3.4. Suppose r > 2 and let S G X \ {x} be a finite set of closed 
points. After replacing the given embedding p : X ^ P^ by its composition with a 
Veronese embedding, one has the following. 

Given a hyperplane Hq C P^ disjoint from S U {x}, and a general Lq E 
GG^Hq^N — r + l,F^), the setUg’^°'^~‘^ C Gr*'’(Lo, A^ —1, consisting of hyper¬ 
planes H such that a member df E GG^^Lq, N — 1, P^) x X^ satisfies the conditions 
(1) ~ (4) of Definition \8.3.R is a dense open subset ofGY^f{LQ,N — 1,P^). 

Proof. By the Bertini theorems of Altman and Kleiman |1], a general intersection 
of (r — 1) hypersurfaces containing S U {x}, all of a hxed degree in P^ (depending 
only on X and S), is an irreducible curve C. This curve C contains S U {x}; C 
is not contained in /(Zging) U Xnfs; C is smooth away from Xging, and the map 
f~^{C) —>■ R is not constant. 

Hence, after replacing the embedding p : X ^ P^ by its composition with 
the Veronese embedding of P^ given by the above degree of hyper surfaces, we 
can hnd an (r — l)-tuple of hyperplanes {Hi,-- - ,Hr-i), each of which is from 
Gr 5 u{a:}(A^ — 1,P^), such that the linear subspace Lq = Hi H - - - , has the 

following property: Lq is transverse to Hq, G = LqGX is an irreducible curve such 
that C (fi /(Zsing) UXnfs, C is smooth away from Xsing and the map f~^{C) —)■ R is 
not constant. Moreover, any general (r — l)-tuple of hyperplanes {Hi, - - - , Hr-i), 
each from Gr 5 u{a;}(A^ — 1, has this property. Set S' = {C \ {x}) fl (/(Zsing) U 
Xjifs U S). The choice of C implies that S' is a hnite closed subset of G \ {x}. 

It follows from the dehnition of the degree of the embedding p : X ^ P^ 
that a general hyperplane in Lq will intersect G at d + 1 points. It follows from 
Lemma [8.2.5l that the set C GTx{N — r, Lq) consisting of hyperplanes L G Lq 

such that LnS" = 0 and a member L E GYx{N — r, Lq) x satishes the conditions 
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(1) ~ (4) of Definition 18.2.21 is a dense open subset of Gr^^N — r, Lq). Since 9^^ is 
a smooth and surjective morphism such that 9l^^{GT^{N-r,Lo)) = GT^:{Lo,N- 
1, P^), we see that is a dense open subset of Gr*'’(Lo, iV — 1, P^). Thus, 

it remains to show that From the definition of 

and the choice of we have C We need to show the 

opposite inclusion. 

Suppose H G {9lq)~^ This means that 9lq{H) fl S" = 0 and 9lq{H) = 

hf n Lo satisfies (1)~(4) of Definition 18.2.21 with Z replaced by f~^{C). Since 

eL,{H) n u^) = if n (To nX) n u^) = eL,{H) non (x^^uc 

9lq{H) n S', and since x G Xfs, we see that 9lq{H) fl (Xnfs U S') = 0. 

Since if intersects Lq transversely, which in turn intersects X transversely along 
Xsm, we see that 6lq{H) intersects X transversely along Xfg. Also, n 

^ = ^Lo{H) n G = {x = Xq, Ti, • • • ,Xd} with Xi 7 ^ Xj for i ^ j. Finally, since 
(Gn /(^sing)) \ {x} C S' and since fl S' = 0, we see that Z is smooth along 

all points lying over Xi for 1 < i < f. This shows that 9~[^{hlg'i^~‘^) C and 

completes the proof of the lemma. □ 

9. The sfs-MoviNC lemma II: Openness of admissible loci 

We continue to assume in this section that k is algebraically closed. We study the 
sets . The main interest in §9.11 is to show that they form dense 

open subsets of various parameter spaces. Later in 1 19.21 we consider the more 
general situation where {x} is replaced by a finite set of smooth closed points of 

X. 

9.1. Openness of admissible loci I. We use the notations and assumptions of 
1 18.21 Namely, let // : X P^ be a closed embedding such that X S> r = dimX 
and of degree f + 1 0, and let x G X be a fixed smooth closed point. Let 

5 C X \ {x} be a finite set of closed points, and let Z be a rectifiable cycle on 
X X if as in Definition 18.1.11 with irreducible components {Zi, • • ■ ,Zs}. In the 
following. Lemmas 19.1.1119.1.2119.1.31 and Proposition 19.1.41 are about when 
r = 1, and Proposition 19.1.51 is about when r >2. 

Lemma 9.1.1. Suppose r = 1. For any 1 < n < d — 1 and 0 < m < n, the set 
“T Gyx{N — 1,P^) of Definition \8.2.t^ is open. 

Proof. We have shown in Lemma [8.2.51 that the set C Gr 3 ;(X — 1,P^) is 

open. Let X Z A i? be the projection maps. Set A = g{Zx) and Az = g~^{A). 

Claim 1: The morphisms f and g are finite. The sets A and Az are finite 
subsets of closed points of B and Z, respectively. 

(•.•) Since Z is rectifiable, in particular it is an fs-cycle, so / is quasi-finite. But, 
B is projective, so / is a finite morphism. On the other hand, since dim(Z) = 
dim(X) = r = 1 and g is not constant on each component Zj (being rectifiable), 
the morphism g is quasi-finite. Since X is projective, the morphism g is thus a 
quasi-finite projective morphism, thus a finite morphism. This proves the first 
assertion. Because / : Z —)• X is finite, we have \Zx\ < oo. Hence A = g{Zx) is 
finite. But, g is finite, we have Az = g~^{A) is finite. This proves Glaim 1. 
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Let Vd C be the open subset defined by 


(9.1) Vd = {(i/i, ■ ■ ■ , l/d)l I/i 7^ I/j for 1 < i j < d and x for 1 < i < dj. 
Let Di,D 2 C Vd be given by 

tq = {(l/D ■■■ ,yd) ^ Vd\ g{Zy^) n g{Zy.) ^ 0 for some l<i^ j <n}, 

\ D 2 = {{yi, ■■■ ,yd) e Vd\ g{Zy^) n g{Z^) ^ 0 for some l<i<n}. 

For 0 < i < m, let Gj C Vd be given by 

/q o\ f ^0 = {(?/!) ■ ■ ■ ; yd) G Ld| g{Zx) n g(Zy^^^) 7 ^ 0 }, 

1 Gi = {(yi, ■■■ ,yd) e Vd\ g{Zy^) n g{Zy^^J ^ 0} for 1 < z < m. 


Claim 2: Di,D 2 and Gi, for 0 < z < m, are closed subsets ofVd- 
(•.•) Let El, E 2 C be the closed subsets given by 


(9.4) 


f El = {(61, ■ ■ ■ ,bd) ^ bi = bj for some 1 < z 7^ j < n}, 
\ E 2 = {( 61 , ■ ■ ■ ,bd) ^ B'^l bi e A for some 1 < z < n}. 


(9.5) 


For 0 < z < m, let Fj C B‘^ be the closed subsets given by 

Eq = {(^1, ■ ■ ■ ,hd) E B‘^\ hn+i G A}, 

Ei = {{bi,-- ■ ,bd) G bi = hn+i} for 1 < z < m. 


One checks that Di = VdA f‘^{{g'^) ^{Ei)), D2 = Vd (1 /'^((/) ^^ 2 )), and 
Gi = Vd n f'^{{g‘^)~^{Ei)) for 0 < z < m. Since f : Z ^ X is finite by Claim 1, one 
sees that Di,D2, Gi are all closed in Vd. This proves Claim 2. 

Let TT : X'^ —)■ Sym'^(X) be the quotient map under the action of the symmetric 
group ©d on X’^. Note that ©d acts freely on the open subset Vd C X'^. In 
particular, the map Vd —)■ 7 r(Vd) is a finite etale map of degree d\. Let —?■ 

Sym‘^(X) be the map H ha J2i=Ayi\^ where H n X = {x = xo,yi, ■ ■ ■ ,z/d}. The 
property (3) in Definition 18.2.21 implies that the image of under this map 

lies in 7r(Vd)- Define V^’ by the Cartesian diagram 


(9.6) 


V; 


,x,l—4 e 




-^Vd 


<Vd), 


so that "0 is a finite etale map. From what we have shown above, it follows that 
e“^(Di U D 2 U Go U • ■ • U Gm) is closed in whose complement is Umft. 

Since ip is an open map, the image = ip{Um%) is open in hence in 

Gr,(X-l,Pf). ’ □ 

Lemma 9.1.2. Suppose r = 1 and 1 < n < d — 2. IfUp’p A 0? ^o,’jf+i A 0- 

Proof. Set T = SU{f{Az) \ {a^}), where is as in Claim 1 of Lemma 19.1.11 This 
T is a finite subset of Z of closed points. Apply Lemma [8.2.51 with S replaced by T. 
We conclude that is a dense open subset of Gra,(X — 1,P^). In particular, 

Gg ’f is a dense open subset of Gra;(X — 1 ,P^). 
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lil^nn 7^ 05 then by Lemma 19.1.11 it is a dense open snbset of Gr 2 .(iV —1, P^). In 
particnlar, is dense open in Gra;(iV —1, P^). Bnt, since C 

l^o’n+i, we have Vl^’n+i 7 ^ 0 as desired. □ 

Lemma 9.1.3. Suppose r = 1, 1 < n < d — 1, and 0 < m < n — 1. ^ 0, 

then ^ 0- 

Proof. Let T C X \ {x} be as in Lemma 19. 1.21 If ^ 0, then by Lemma 19. 1.1[ 
it is a dense open snbset of Gra.(A^ — 1,P^). In particnlar, n is dense 

open in Gr 3 ,(A^ — 1,P^). Fix an element Hq of with iLo GX = {x = 

4 ^ 0 ) ^ 1 ) ' ' ' 1 ^ni ^n+1) ■ ■ ■ ) ^d}- 

Since X 3> 0, there is a one-parameter family (isomorphic to P^) B in Gtx{N — 

1, P^) containing Hq snch that every member of this family passes throngh {xq, 2 :^+ 1 } 
and a general member does not pass throngh Xn+i- Since Hq G a 

general member of B is in . Let W C B be a smooth 

affine irredncible (rational) cnrve containing Hq. 

Let Vd be as in flQ.ip and let IF —)■ T^iVd) be the map H ha Ylii=i[y^) where 
H G X = {x = xo, i/i, • • ■ ,i/d}, and tt : X'^ —)■ Sym'^(X) is as in the paragraph 
above fl9.6p . This yields a Gartesian sqnare 


(9.7) 


W'^Vd 

h 

IF^7r(Fi), 


so that V’ is finite and etale. Observe that IF' is irredncible. 

Let Di,D 2 C Vd be as given by (19.21) . and for 0 < i < m -|- 1, let G* C be 
given by (19.3p . We saw in Glaim 2 of Lemma [9.1.11 that Di,D 2 ,Gi are closed in 
Fd. 

Claim : y := e“^(Zli U ZI 2 0 Go U ■ ■ ■ U G^+i) is finite. 

(•.•) By the definition of IF, we have e“^(Zl 2 ) = 0- 

Since Hq ^ e~^{Di) and Hq 0 e“^(Gi) for 1 < i < m, we see that e“^(Zli) and 
e“^(Gj), 1 < i < m, are finite, being proper closed snbsets of an irredncible cnrve 
IF'. By onr choice of IF, no member of IF passes throngh f{Az) \ {x}, hence 
e-\GQ) = 0. 

To show that e“^(Gm+i) is finite, consider the composite map q : IF' —)■ Vd —>■ 
which takes X = (if, i/i, • • • , i/d) to {Hm+i, Un+i) G X^. Since each H E W contains 
Xm+i, the composition of q with the hrst projection X^ —)■ X is the constant map 
which takes all H_ G IF' to x^+i- On the other hand, since a general member of IF 
does not contain x„+i, we see that the composition of q with the second projection 
X^ —)■ X is not a constant map. In other words, the map q is not constant. In 
particnlar, the image g(IF') is an irredncible curve such that g(IF') C {xm+i} x X. 
Let IF' -A g(IF') -A X denote the map (if, i/i, • • • , Vd) i-A- Dn+i- Since u and v are 
both non-constant morphisms of irreducible curves, both u and v are dominant 
and quasi-finite. 

On the other hand, one checks that e“^(Gm+i) is a subset of {{H,yi, ■ ■ ■ ,yd) E 
IF'I yn+i E S'!}, where Si := Since / and g are finite by Glaim 
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1 of Lemma [9.1.11 the set Si must be finite. Hence, {v o u)~^{Si) is finite. Since 
e~^{Gm+i) C (noone deduces |e“^(Gm+i)| < cxd. This proves the Claim. 

Now, choose any ^ = (iL, |/i, • • • , i/d) G W’ \ y. It is clear from the choice of W 
and y that H G This completes the proof. □ 

Proposition 9.1.4. Suppose r = 1 and let S G X \ {a:} be a finite set of closed 
points in X. Then for every 1 < n < d — 1 and 0 < m < n, the set C 
Gr 3 .(A^—1, P^) is a dense open subset. In particular, the set C Gr 3 ;(A^—1, P^) 

consisting of {Z,x)-admissible hyperplanes is a dense open subset. 

Proof. By Lemma 19.1.11 each is open. We saw in the proof of Lemma 19.1.21 
that Uq'i is open and dense. Applying Lemmas 19.1.21 and 19.1.31 repeatedly, we 
conclude that each is nonempty and open, thus dense open. The last assertion 
follows because ^ 

Proposition 9.1.5. Suppose r > 2 and let S G X \ {x} be a finite set of closed 
points in X. After replacing the given embedding rj : X ^ P^ by its composition 
with a Veronese embedding, one has the following: 

For a general Lq G Gr(A^ — r + 1,P^) and for l<n<d — 1, 0<m<n, 
the setlAfifi^° G Gr*’’(Lo, — 1,P^) is a dense open subset. In particular, the set 

G Gr*''(Lo, A^ —1, P^), consisting of hyperplanes which are {Z, x)-admissible 
relative to Lq, is a dense open subset. 

Proof. The last assertion follows from the hrst by taking m = n = d—1, so we prove 
the hrst one. Ghoose a reimbedding p ■. X ^ P^, a general Lq G Gr(A^ —r + l,P^) 
and G = Lq n X as in Lemma 18.3.41 Set S' = {C \ {x}) fl (/(^sing) U X^fs U S) 
and W = f~^{C). We use the notations from the proof of Lemma 18.3.41 Recall 
the smooth surjective morphism '■ Gr^’^(Lo, X — 1, P^) —)■ Gr 3 ;(X — r, Lq) from 
fl8.3p . By applying Proposition 19.1.41 to C and S' G C \ {x}, we know that the 
subset G Gtx{N — r, Lq) is dense open. Hence, its inverse image via is 

a dense open subset of Gr^’^(Lo,X — 1,P^). Thus, it only remains to show that 

We have already shown in the proof of Lemma [8.3.41 that 

= W^XLo,i-4_ 

Since W = f~^{C), we see that Zy = Wy and hence g{Zy) = gfWy) for any 
y ^ C. It follows that for any H G Gr^'^(Lo,X — 1,P^) with Oifill) H X = 
{H n Lq) n G = {x = Xq, Xi, • • • ,Xrf}, the conditions (5)~(6) of Dehnition 18.3.21 
are satished if and only if the conditions (5)~(6) of Dehnition 18.2.21 are satished 
for Oifill) with X replaced by G. In other words, We 

conclude that This proves the proposition. □ 

9.2. Openness of the admissible loci II. In 1 19.21 we extend the openness as¬ 
sertion on the admissible loci to the situation where we replace a hxed smooth 
closed point x G X by any hnite set of smooth closed points of X. 

Let p : X ^ P^ be a closed embedding such that X r = dim(X) and of 
degree d -|- 1 S> 0 as in § 18.21 Recall from ^7.21 that for closed subsets Y,Y' G X 
with y n X' = 0, the set Gry(y',n,P^) denotes the set of n-dimensional linear 
subspaces of P^ which contain Y but do not intersect Y'. Recall for a closed point 
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X E X and L G Gr(x, n, P^), the set Cx{L) is the linear span of x and L in K- 
This is the nniqne element of Gr(n + 1,P^) containing L and x. The association 
L I—)■ Cx{L) dehnes a smooth snrjective affine morphism of schemes 

(9.8) d, : Gr(a:, n, P^) ^ Gr,(n + 1, P^); d,{L) = C,{L) 

of relative dimension n + 1 whose hber over a point M is Gr(a;, n, M). In fact, it 
is a vector bnndle morphism of rank n + 1. If Lq is any proper linear snbspace of 
P^ containing x, then indnces a smooth snrjective map 

(9.9) : Gr‘'(i.L„.n,P") ^ G4'(L„.n + 1,P"), 

where recall that Gr’'’’(S', Lq, n, P^) = Gr*’’(Lo, n, P^) n Gr(S', n, P^). 

Lemma 9.2.1. Given a proper linear subspace Lq C P^ and an element L G 
Gr*’’(Lo, — r,F^) intersecting X properly, the set Gr*''(X, Lq, iV — r — 1,L) = 

Gr(X, N — r — 1, L) n Gr*''(Lo, N — r — 1, L) is a dense open of Gr(iV — r — 1, L). 

Proof. Since L intersects X properly in P-^ and codimpiv(L) = dim(X) = r, we see 
that D := XnL is a 0-dimensional closed snbscheme of L. In particniar, \D\ < oo. 
Since iV S> r, the snbscheme G{\D\) := {M G Gr(A^ — r — 1,L) | M fl |Z1| 7 ^ 0} 
is a proper closed snbset of Gr(A^ — r — l,L). Hence, Gr(X, iV — r — 1,L) = 
Gr(A^ — r — 1, L) \ G{\D\) is dense open in Gr(A^ — r — 1, L). 

Since the intersection L fl Lq is transversal, Gr*’'(Lo, N — r — 1, L) is dense open 
in Gr(A^ —r —1, L), thns Gr*’'(X, Lq, N — r — 1, L) is dense open in Gr(A^ —r —1, L), 
as desired. □ 

Definition 9.2.2. Let x G Xfg be a closed point and let S' C X \ {x} be a hnite 
set of closed points. For r = 1, let C Gr(iV — 2,P^) be the set of 

linear snbspaces M snch that 

(1) M n X = 0 and 

(2) the linear space Cx{M) is (Z,x)-admissible (see Dehnition l8.2.2p . 

For r > 2 and L G Gr(X - r + 1, Pf), let C Gr(X - 2, Pf) be the 

set of all (X — 2)-dimensional linear snbspaces M snch that 

(1) M intersects L transversely, 

(2) M n L n X = 0, and 

(3) the linear space Cx{M) is (Z, x)-admissible relative to L (see Dehnition 

[833). 

Definition 9.2.3. Let Hq ^ P^ be a hyperplane disjoint from SU{x}. For r = 1, 
let Hq) denote the intersection nGr(X —2, Hq). For r > 2, 

let Hq) denote the intersection fl Gr(X — 2, Hq). 

Lemma 9.2.4. Let x G Xfg be a closed point and let S <Z X \ {x} be a finite set 
of closed points. 

(A) Suppose r = 1. Then, given a hyperplane Hq ^ P^ disjoint from S U {x}, 

the set Hq) is dense open in Gr(X — 2, Hq). 

(B) Suppose r > 2. After replacing the given embedding p : X ^ P^ by its 
composition with a Veronese embedding if necessary, one has the following: 






48 


AMALENDU KRISHNA AND JINHYUN PARK 


given a hyperplane Hq ^ disjoint from S U {x} and a general Lq G 
GT^^{Ho,N-r + l,Ff), the setUf^^^°’^-‘^{Z, Hq) is dense open in Gr(iV- 
2, Ho). 

Proof. We often drop Z from the notations when we write Hq), 

and ff„). 

Snppose r = 1. It follows from Proposition 19.1.41 that is a dense open 

snbset of Gr 2 :(A^ — 1, P^). We have seen previonsly that the map : Gr(x, N — 

2, P^) —)■ Gr 2 .(A^ — 1, P^) of flQ.Sp is a vector bnndle of rank iV — 1. One checks that 
Gr(A^ — 2, Hq) ^ Gr(x, N — 2, P^) is a closed immersion and the restriction ■ 
Gt{N — 2, Ho) —)■ Gr^(iV — 1,P^) is an isomorphism. It follows that 
is a dense open snbset of Gr(A^ — 2,Hq). Since Gr(iV — 2, Ho) is irreducible, we 
conclude from Lemma 17.2.31 that hlfff^~‘^{Ho) = Gr(X, N — 2, Ho) O 
is a dense open subset of Gr(A^ — 2, Hq). This proves (A). 

Suppose now that r > 2. Ghoose a reimbedding rj : X ^ P^, a general 
Lq G Gr*''(i7o, A^ — r + 1, P^) and G = L O X as in Lemma 18.3.41 

It follows from Proposition l9.1.5l that is a dense open subset of Gr^'’(Lo 5 H— 

1 ,P^). We know the map : Gr*''(x, Lq, A^ — 2,P^) —)■ Gr^'’(Lo, A^ — of 

fl9.9p is smooth and surjective. Gonsider its restriction 

(9.10) : Gr*'-(Lo, N-2, Ho) ^ Gr*'-(Lo, iV - 1, Pf ). 

One checks that this map is an inclusion whose image is the dense open subset 
Gr*'' (Lq O ifo, A^ — 1, ) • On the other hand, iLo O {x} = 0 implies that Gr*'' (Lq O 

Ho^N —1,F^) = Gr^’^(Lo, H — 1,F^). In particular, 09.101) is an isomorphism and 
we conclude that is dense open in Gr*’^(Lo,A^ — 2, Ho) and hence 

dense open in Gr(X —2, Ho). Gombining this with Lemma 17.2.31 we conclude that 
= Gr(.Y,Af-2,ff„)ndy„,(MSfy“) is dense open in Gr(]V-2,id„). 
This proves (B). □ 

Definition 9.2.5. Let S C Xfs be a finite set of distinct closed points and let 
Ho P^ be a hyperplane disjoint from S. For r = 1, let iLo) be the 

subset of Gr(X — 2, Hq) consisting of linear subspaces L G Gr(X — 2, Hq) such that 
^ ^ fo^ X G S'. 

For r > 2 and Lq G Gr*''(i7o) X — r + 1, P^), let Ho) be the subset 

of Gr(X — 2, Ho) consisting of linear subspaces L G Gr(X — 2, Hq) such that 
L e Ho) for each x G 

Theorem 9.2.6. Let S = {xi,--- ,x„} C Xfs be a finite set of distinct closed 
points. 

(A) Suppose r = 1. Then given a hyperplane Hq ^ P^ disjoint from S, the set 
U^^^~‘^{Z, Ho) is dense open in Gr{N — 2, Hq). 

(B) Suppose r > 2. After replacing the given embedding rj : X ^ P^ by its 

composition with a Veronese embedding if necessary, one has the follow¬ 
ing: given a hyperplane Ho ^ P^ disjoint from S and a general Lo G 
Gr*’'(i7o, X - r + 1, Pf), the set Ho) is dense open in Gr(X - 

2, Ho). 
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Proof. When r = 1, it follows directly from Lemma [9.2.4l that the set “^{Z, Hq) = 

nr=i -^o) is a dense open subset of Gr(iV — 2, Hq). 

When r > 2, it follows from Lemma 19.2.41 that after replacing the embedding 
7] : X ^ by its composition with a Veronese embedding, the following holds: 
for a general Lq G Gr*''(Lro, ~ (^z, Hq) is a dense open 

subset of Gr(V — 2, Hq) for each 1 < i < n. In particular, Hq) = 

nr=i ^o) is also a dense open subset of Gr(iV — 2, Hq). □ 

10. The sfs-MoviNG lemma III: Admissible linear projections 

Now assume k is any inhnite perfect held and let k be its algebraic closure. For 
X G Sch“®, let Tlx ■ —)■ A be the base change to k. 

10.1. Admissible finite subsets. Let X be an irreducible quasi-projective scheme 
of dimension r > 1 with a smooth dense open subset Afg. Let x G Afs be a closed 
point. Let i? be a geometrically integral smooth affine fc-scheme of positive dimen¬ 
sion, and let 5 be a geometrically integral smooth compactihcation of B. Given 
a closed subscheme Z C A x i?, let / : Z —)■ A and g \ Z ^ B he the projection 
maps. 

Definition 10.1.1. Let Z C A x i? be an irreducible fs-cycle in the sense of 
Dehnition 18.1.11 A hnite subset C A of distinct closed points is called {Z,x)- 
admissible, if the following hold: 

(1) C Afe. 

( 2 ) xeD^. 

(3) Z is regular at the points of \ {x}) x B. 

(4) Either Z = X x {6} for some closed point b E B, or g^Z^f) P\g{Zxj) = 0 for 
each distinct pair x* ^ Xj in D^. 

For an fs-cycle Z on A x i? in the sense of Dehnition 18.1.11 with irreducible com¬ 
ponents {Zi, • • • , Zs}, we say that is (Z, x)-admissible if it is (Zj, x)-admissible 
for each 1 < z < s. 

The following immediately follows from the dehnition and smoothness of Afg. 

Lemma 10.1.2. Let Z be an fs-cycle in the sense of Definition \8.1.1[ Write 
Z = ZiZ 2 , where each component of Zi is rectifiable while each component of 
Z 2 is not. Then a finite set = {x = xq, xi, ■■ ■ , x^} of distinct closed points on 
X is {Z, x)-admissible if and only if it is {Zi, x)-admissible. 

10.2. Global nature of admissible linear projections. For an embedding rj : 

A ^ P^ of a projective fc-scheme A into a big enough projective space, we prove 
some results about the maps 0 : A —)• P^ obtained from the linear projections 
away from “admissible” (A — r — l)-dimensional linear subspaces in P^. 

Proposition 10.2.1. Let X be a projective k-scheme of dimension r > 1 and 
let Z be an fs-cycle on X x B as in Definition \8.1.1[ with irreducible components 

{Zi, • • • , Zg}. 

Let S = {xi, • • • ,x„} C Afs be a finite subset of distinct closed points and let 
Y G X be a closed subscheme of dimension < r — 1. Then there is a closed 














50 


AMALENDU KRISHNA AND JINHYUN PARK 


embedding rj : X ^ such that for a given hyperplane Hq ^ P^ disjoint from 
S and a general linear subspace L G Gr(A^ — r — l,Ho), the linear projection 
: P^ \L —)■ P^ restricts to a finite map (f : X ^ with the following additional 
properties: 

(1) (f) is etale at 0“^(0(S)). 

(2) (j){xi) 7 ^ (j){xj) forl<i^j<n. 

(3) k{(j){x)) A- k{x) for each x e 0“^ (0(S)). 

(4) 0“^ {(j){xi)) is {Z,Xi)-admissible for each 1 <i <n. 

(5) L+(s)ny = 0. 


Proof. By Lemma 110.1.21 we may assume Z is rectifiable. For 1 < i < u, let 
Si = Trj^^{xi) = {x|, • • • ,xl"} and set S = Ur=i ^ ^isk- particular, 5 is a 
finite subset of smooth closed points of Xj. 

We choose a big enough closed embedding rj : X ^ P^ such that the inclusion 
X-j: ^ P^ satisfies the assertions of Theorem 19.2.61 with the above S C so 

that S n = 0. Recall for a closed subscheme W C the set CsfW) is 
the union of the secant lines joining the points of S and W. One knows that 
dim(C's(W)) < dim(W) + 1. 

If r = 1, w e take any L G O Gr(Os(y0), X - 2, It follows 

from Lemma 17.2.31 that Gr(G5(y0), N — 2, Wg^) is a dense open subset of Gr(X — 

If r > 2, we choose a general Lq G Gr*'’(iLQ -^, N — r + 1, P^) such that Lq O 
is a curve G, none of whose component is contained in 10. Recall Gr*''(G5(10 O 
C), Lq, N — 2, Hqj) is the set of linear subspaces in Gy{N — 2, which intersect 
Lq transversely and do not intersect CsOtp O C). By Lemmas 17.2.31 and 17.2.41 
it is a dense open subset of Gr(X — 2,Hq-^). We take L = M n Lq for any 

M 6 Hop n Gr"(Cs(i7 nC),L,N-2, 


As shown in the Step 2 of the proof of Lemma 17.3.21 we can find dense subsets of 


U: 


S,N-2/ 


«i„ (%. H„PnGv{Cs{Yj:),N-2, H„p, Gr(iV-r+l,P«) 

Gr*’'(G5(10 n C), Lq, N — 2, Hq^), all of whose points L, Lq, and M, respectively, 
are defined over k. Since X fl L = 0, we get a finite map 0 = 0^ : X —>■ P^ over k. 
We now show that such 0 satisfies the properties (1)~(5) of the proposition. 

It follows from the admissibility condition for Cx{L) for all x G S' (see Defini¬ 
tion [H32I) that 00^(0^(S')) C Xfg j: and equivalently, 0“^(0(S)) C Xfg. It follows 
from the admissibility of Cx{L) and Lemma 110.2.21 below that 0^ is etale at all 
points of 00^(0|:(S)). But this is equivalent (by descent) to saying that 0 is etale 
at all points of 0“^(0(S)). This proves (1). 

Since the map 0^ is injective on S, the properties (2) and (3) follow directly 
from the Glaim in the proof of Lemma 17.3.21 

For 1 < i < n, set Sj = 0“^(0(xj)). We have already shown that Sj C Xfg. 
It follows from the admissibility condition that Z-j: is smooth at all points of 
(Sj \ {xj}) X We conclude from the faithfully fiat descent of smooth¬ 
ness that Z is smooth at all points of (Sj \ {xj}) x B. The third and the fourth 
conditions of Definition 110.1.11 follow directly from the Definition 19.2.51 of 
and This shows that each S* is (Z, Xj)-admissible, proving (4). The 
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property (5) follows at once from our choice of L, as shown in the proof of the last 
property of Lemma I7.3.21 □ 


In the middle of the proof of above Proposition 110.2.11 we used the following: 

Lemma 10.2.2. Let X ^ be a closed embedding of a projective k-scheme of 
dimension r > 1. Let L C P^ be a linear subspace of dimension N — r — \ such that 
X n L = 0. Regard P^ as a linear subspace o/P^ of dimension r, not intersecting 
L, and let p E FI be a closed point such that C'p(L) fl Xsing = 0. Then the map 
(f)L ■ X ^ obtained by the linear projection away from L, is finite and Stale over 
an affine neighborhood of p in P^ if and only if Cp{L) intersects X transversely in 

Fl 

Proof. Suppose that Cp{L) intersects X transversely in P^ and let E be this 
scheme-theoretic intersection, with Supp(£') = {xq, • • • ,Xr}. Since k is perfect, the 
transversal intersection is equivalent to saying that E is smooth (but disconnected). 
However, as L C Cp{L) and X fl L = 0, we see that Cp{L) fl X = (C'p(L) \ L) fl X 
as schemes. Observe that the latter is same as the scheme-theoretic hber 02(P)- 
In other words, when 17 C P^ is an affine open neighborhood of P, the diagram 


( 10 . 1 ) 


E 


<t>L 


Spec (A:(p))- U 


is Cartesian such that c/ff is smooth. Since 0^ is a hnite map of affine schemes over 
k, by [36l Theorem 24.3], it is flat over an affine neighborhood of p. We can now 
apply [161 Exercise III-10.2] to conclude that there is an affine neighborhood of p 
in U over which the map 0^ is smooth, thus hnite and etale. 

The converse is easy to see, because smoothness of 0 l over a neighborhood of p 
implies that the map 0^ in fllO.ll) is etale. Since k ^ A;(p) is smooth, this precisely 
means that E = Cp{L) fl X is smooth, which in turn is equivalent to saying that 
this intersection is transverse. □ 


10.3. Local nature of admissible linear projections. Now let X be a con¬ 
nected smooth affine fc-scheme of dimension r > 1 and let S C X be a hnite set of 
closed points. Let X A™ be a closed embedding and let X denote the closure 
of X under the inclusion A™ P^^. Let Hm,o denote the hyperplane F]f \ 
as in §7.2.11 Let P be a geometrically integral smooth affine fc-scheme of positive 
dimension, and let P be a geometrically integral smooth compactihcation of P. 
Let Z be an fs-cycle on X x P in the sense of Dehnition 18.1.11 with irreducible 
components {Zp, • • • , Zg}. Let Zi and Z be the closures of Zj and Z in X x P. 
Notice that Z is an fs-cycle, too. It is a rectihable cycle if Z is so. Let X C X be 
a closed subscheme of dimension at most r — 1. 

Lemma 10.3.1. Given a cycle Z on X x B as above, there exists a closed embed¬ 
ding X P^ and L G Gr(X, X — r — 1, P^) such that the following hold: 
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(1) The linear projection away from L defines a Cartesian square 


( 10 . 2 ) 


X^X 


0 


0 

r 

k 


such that the vertical maps are finite and the horizontal maps are open 
immersions with 0(S) C A^. 

(2) The map (h : X ^ Al is etale over an affine neighborhood U of 0(S). 

(3) 0(a;) 7^0(x') forx^x' eT.. 

(4) /c(0(a;)) A- k{x) for each x e 4>~^ (0(S)). 

(5) L+(s)ny = 0. 

(6) 0“^ (0(^)) is {Z,x)-admissible as in Definition \10.1.1\ for each x E T,. In 
particular, 0“^ (0(S)) C X. 

Proof. We apply Proposition 1 10.2 .11 to X with (X)fs := X and Hq = (see fl7.2p i 
to get a closed embedding rj : X ^ P^ and a linear subspace L E Gy{X, N — r — 
1, Hn^o) such that the linear projection 0^, : P^ \ L ^ P^ restricts to a hnite map 
0 : X —)• P^ satisfying the properties (3)~(6) of the lemma. By Lemma [7.2.21 the 
property (1) holds and 0(S) C A^. 

Since 0 is flat along 0(S), by [36l Theorem 24.3], there is an affine open neigh¬ 
borhood U' C Al of 0(S) such that the map 0“^(f/') —)■ U' is hnite and hat. 
We can now apply HSl Exercise III-10.2] to conclude that there is an affine open 
neighborhood 7/ C A^ of 0(E) such that the map 0“^(f/) —>■ f/ is hnite and etale. 
This proves property (2) of the lemma. □ 


We have the following improvement of Lemma 110.3.11 when B is of more spe- 
cihc form. Let n > 1 be an integer. Let Ao,Ai, ■ ■ ■ ,An-i be smooth affine geo¬ 
metrically integral fc-schemes of positive dimension, and let Ao,Ai,--- ,An-i be 
smooth projective geometrically integral fc-schemes such that Aj C Aj is open for 
0 < j < n — 1. For 1 < j < n, we set 

i-i ^ ^ ^ ^ ^ ^ 

Cj := Cj := B := Cn, B = Cn, tTj : i? —)■ Cj, 

i=0 i=0 

where tt^ is the obvious projection. 

Let X be a smooth affine fc-scheme of dimension r > 1 and let S C X be a hnite 
subset of closed points. Let Z be an fs-cycle on X x i? as in Dehnition 18.1.11 with 
irreducible components {Zi, • • • , Zg}. For 1 < j < n, let Z^i^ := TYj{Z). Then each 
ZU) is an fs-cycle on X x Cj. Fix an affine embedding X ^ A™ and let X be 
the Zariski closure of X in P™. Let Y C X be a closed subscheme of dimension 
< r — 1. 


Proposition 10.3.2. Under the above notations, there exists a closed embedding 
X P^ and L E Gr(X, X — r — 1, P^) such that the following hold: 
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(1) The linear projection away from L defines a Cartesian square 


(10.3) 


X^X 


0 


0 

r 

k 


such that the vertical maps are finite and the horizontal maps are open 
immersions with 0(S) C A^. 

(2) The man d): X ^ Al is etale over an affine neighborhood U of SiTf). 

(3) 0(x) ^ct){x') forx^x' eE. 

(4) k{(f>{x)) A- k{x) for each x G (f>~^ (0(S)). 

(5) L+(s)nr = 0. 

(6) (l)~^ is {Z^^\ x)- admissible in the sense of Definition 1 1 0. LT\ for each 

X G S and each 1 < j < n. In particular, 0“^ (0(S)) C X. 

Proof. It follows from Proposition 110.2.11 that there is an embedding rj : X ^ 
X ^ P^ such that for a general linear subspace L G Gr(X, X — r — 1, iPjv^o) 
(with Hnq as in Lemma [10.3.11) . the linear projection 0^ : P^ \ L —)■ P^ restricts 
to a hnite map 0 : X —)■ P^ satisfying the properties (3)~(6) of the proposition 

for each . Let denote the open subset of Gr(X — r — l,iLAr,o) satisfying 
this property and let U = We see that for a general member L of 

U n Gr(X, X — r — 1, Hn^) C Gr(X — r — 1, Hn^), the associated linear projection 
0L satisfies the properties (3)~(6) of the proposition. Now one can repeat the 
argument of the proof of Lemma 110.3.11 to complete the rest of the proof. □ 


11. The sfs-MoviNG lemma IV: the main results 

Let k be an infinite perfect field. In this section, we complete the proof of 
Theorem 15.2.31 The interested reader can apply the machines of the paper to the 
Milnor range of higher Ghow cycles, to obtain an analogous result. 


11.1. Smoothness for rectifiable cycles. Let X be a connected smooth affine 
/c-scheme. Let S be a finite set of closed points of X. Let X ^ A™ be a closed 
embedding. Let X be the closure of X in P™ and let Hmp = P™ \ A™ as in 
Section 17.2.11 We now apply Proposition 110.3.21 with Cj = Bj = A^ x and 
Cj = Bj = P^ X ^ for 1 < j < n. 

Let Z be an fs-cycle on X x Bn with irreducible components {Zi, - ■ ■ , Zg} such 
that each Zj —)■ X is hnite and surjective. Let Zi and Z denote the closures of 
Zi and Z in X X Bn- Note that Z is an fs-cycle on X x Bn- Furthermore, it is a 
rectihable cycle if Z is so. 

Proposition 11.1.1. Under the above notations, suppose that Z is rectifiable. 
Then there exists a closed embedding X ^ P^ and L G Gr(X, X — r — 1, P^) such 
that the following hold: 
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(1) The linear projection away from L defines a Cartesian square 


( 11 . 1 ) 




0 


r 

k 


such that the vertical maps are finite and the horizontal maps are open 
immersions with 0(S) C A^. 

(2) The map : X ^ is etale over an affine neighborhood U of fiiT,). 

(3) Given any 1 < i < s and irreducible component Z' of L^{Zi), the scheme 
7ij{Z') is an fs-cycle which is also smooth at all points over S x Bj for each 
1 < j < n. 

Proof. For each 1 < i < s, as in ^7.31 fix closed points Xi G X, bi G Bn such that 
G Zi, with tti ^ Zj if z 7^ j. Since each Zi 0, such closed points 
exist. Set Ho = ^ U {xi, • • • , Xg} and = {bi, ■ ■ ■ , bg}. Let Y denote the closure 
of f{Z n (X X E^)) in X. Since Z is rectifiable, we see that Z (fi {X x E^). Since 
/ is projective, f{Zr\ (X x E^)) is a closed subset of X dimension < r — 1. Thus, 
X C X is a closed subset of dimension < r — 1. 

Let 0 : X —)■ P^ be the finite map satisfying the properties (1)~(6) of Proposi¬ 
tion [1022] with Hq C X in the place of ‘S’ there, and Y <Z X. This gives an affine 
neighborhood U of 4>{Do) and implies the properties (1) and (2) of the Proposition 
111.1.11 It remains to prove the property (3). Let x Id^^ and x Id^, 

for 1 < j < n. 

For each 1 < z < s, recall that L~^{[Zi]) is the cycle 0*o0^([Zj]) — [Zi] and L+(Zj) 
is the support of L'^{\Zi\). For L+(Xj) , the reader should observe that X may not 
be smooth so that (j) may not be fiat, thus (in the sense of [lU § 1.7]) may not be 
defined in general. But it is defined for the map U, and our interest 

is only in this open subset. Hence, by 0*0*([Zj]), we shall mean it wherever it is 
defined. Under the assumptions of the Proposition 111.1.11 we have already shown 
in the proof of Proposition 17.4. 11 that Zj is not a component of L’''(Zj). This uses 
the properties (2), (4) and (5) of Proposition 1 10.3. 2l as well as our choice of a* G Zj 
and Y. 

To prove the remaining part of (3), fix an arbitrary 1 < z < s and a: G S. So, 
we may replace Z by Zj. Let y = fi^x). 

Claim 1: tTj (L+(Z)) = for each 1 < j <n. 

('.') It is clear that vr^ (L’''(Z)) C L^(Z*''^^). To prove the reverse inclusion, let 

{x, bo, - ■ ■ , bj-i) G L^(Z*''^^). This means that there exists z' = {x', 6q, • • • , bn_i) G 
Z such that {(j){x), bo,-- - , bj_i) = o Trj{x', feg, • • • , = {(j){x'), &(,, • • • , 6)_i). 

But, this implies that 0(x) = 0(a;') and 6; = 6] for 0 < / < j — 1. Setting 
z = {Xyb'o, - - - , bn_i), we see that (j){z) = 0(Z) and vrj(z) = (x, bo, - - - , bj-i). This 
proves Claim 1. 
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For 1 < j < It, let and let denote the scheme-theoretic 

inverse image of Set T = and Z = Z^'^\ It follows from Claim 1 that 
Z^=^ = n,(}-\T)) = T,,{Z)_ 

We hrst show that L'^{Z) is an fs-cycle. Let Z' be a component of L^{Z). 
Since Z' —)• X is a projective morphism of schemes of the same dimension, it is 
enough to show that this map is quasi-hnite. Suppose on the contrary that there 
is a closed point x E X such that dim(Z') > 1 and let E = pg^{Z'^), where 

: X X Bn ^ Bn is the projection. Since Z' is a part of the residual cycle of Z, 
we must have dim(Zfl {D^ x E)) > 1, where But this contradicts 

the fact that Z is an fs-cycle and 0 is hnite. We have thus shown that L^{Z) is 
an fs-cycle. 

We now show the smoothness of the components of L^{Z) along S x Bn- We 
have seen before that Z (/i X x { 6 } for any b E Bn- Set Bq = Spec {k), Z = X 
and let m E {0,1, • • • , n — 1} be the largest integer such that = X x { 6 } for 
some b E Bm- It follows from Claim 1 that = X x {6}. In particular, 

for every component Z' of the scheme 7^j{Z') is an fs-cycle which is smooth 

along X X Bj for 1 < j < m. 

To show smoothness of 7ij{Z') along {x} x Bj for m-|- 1 < j < n, it is equivalent 

to show using Claim 1, that the components of are smooth along {x} x Bj 

for m -|- 1 < j < n. We do it after Claim 2 below. 

Set Dx = 0“^(i/), hx a point a = (a, 6 ) G x Bj and set {3 = (j)j{a) = {y,b)- 
We write x {b} = Set = U x Bj and x Bj- 

Notice that W 2 is smooth by the property (2). 

Claim 2: If a E Z^^\ then Z^^'^ is the only irreducible component of Z^^^ passing 
through a. 

(■.•) Since (fj is hnite and etale over U x Bj, we see that the map O-^u) ^ —)■ 
O^U) is hnite and etale. In particular, the map Orp(j) p —)■ O^^j) ^6 is hnite and 
etale. This in turn implies that the map —)■ O-^u) ^6 is hnite and unramihed. 

Since j > m, we see that Z^^^ (fi X x { 6 '} for any H E Bj- It follows from 
the second part of the condition (4) in Dehnition 110.1.11 and the property ( 6 ) in 
Proposition 110.3.21 that the map C>^o) ^5 —>■ ^ is an isomorphism. Combin¬ 

ing this with the property (4) of Proposition 110.3.21 we conclude that the map 
a injective (since Z^^ hnite and unramihed map 

of local rings of closed points of affine integral domains over k, which induces 
an isomorphism of the residue helds. It follows from Lemma 17.1.21 that the map 
OtU)p —^ a isomorphism. 

On the other hand, the map dm being hnite and etale, shows 

that the map ^ —)■ ^ is etale. In particular, the map Orp(j)^i^ —)■ ^ of 

completions is hnite and etale. Since it induces an isomorphism on the level of the 
residue helds, it follows again from Lemma 17.1.21 that the map 0^0 ),/3 a 

an isomorphism. 
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Hence, there are local homomorphisms of complete local rings 
(11-2) ^zU),a ^ 

where both the hrst map and the composite map are isomorphisms. Thus, the 
second map is an isomorphism too. The second map in flll.2p being a priori 
a surjection, the Krull intersection theorem ([36l Theorem 8.10]) says that the 
second map is an isomorphism if and only if the map ^ -» O^u) ^ (without 

_ ’ 

completion) is an isomorphism. This in turn is equivalent to that Z is the only 
irreducible component of passing through a. The Claim 2 is now proven. 

Going back, we £x a component Z' of L^{Z ), and we prove that Z' is smooth 
along {a;} x Bj. 

Let a' = {x, b) G Z' for some b & Bj. Set (3 = {y,b) E U x Bj. We have shown 
in the course of Claim 2 that the map —)■ of completions in 

(lll.2h is an isomorphism for every a G D^. Since a' E Z' G Z^^\ there must exist 

a point a = (a,b) E Z^'^ for some a E D^. Since Z' is a residual component. 
Claim 2 implies that we must have a ^ x. In this case. Claim 2 again shows that 
Z^^'^ is the only irreducible component of Z'^^^ passing through a. In particular, 
^ZU),a ^ ^Z^i\a 

Since a ^ x, it follows from the condition (3) in Dehnition 110.1.11 and the 
property (6) in Proposition 110.3.21 that O^u) ^ is smooth, thus so is Using 

the isomorphisms Orp^j) ^ ^ ^ a'’ conclude that Opu)^^ 

and 0^(j) are both smooth. Since a' E Z', the local ring will be smooth 

only if Z' is the only component of Z^^'^ passing through a' = {x, b) and is smooth 
at this point. The proof of the Proposition 111 . l.TI is now complete. □ 

Remark 11.1.2. We have in fact shown that if a point a = {x,b) lies in any irre¬ 
ducible component Z' of L^{Z), then Z' is the only component passing through 
a. Moreover, Z' is smooth at a if Z' ^ Zi for all 1 < z < s. The same holds when 
Z is replaced by 

Remark 11.1.3. Observe that Claim 2 in the proof of Proposition 111.IT] can be 
deduced from Lemma 17.1.31 We gave another argument because from there we can 
deduce a stronger assertion than that of Lemma 17. 1.31 regarding smoothness of the 
residual components. 

Corollary 11.1.4. Let Z be an fs-cycle on X xBn with the irreducible components 
{Zi, • • • , Zg}. Suppose each Z^ is finite surjective over X, but Z is not necessarily 
rectifiable. Then there exists a closed embedding X and L E Gr(X, N — r — 

1 ,P^) such that the following hold: 

(1) The linear projection away from L defines a Cartesian sguare 


(11.3) 
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such that the vertical maps are finite and the horizontal maps are open 
immersions with 0(S) C A^. 

(2) The map (f) : X ^ A^. is etale over an affine neighborhood U of 

(3) For each 1 <i < s, one of the following holds: 

(A) Zi is smooth and Zi = 0“^(0(Zi))red- 

(B) For each irreducible component Z' of L^{Zi), and each 1 < j < n, the 
scheme 7rj(Z') is an fs-cycle which is also smooth at all points over 

T X By 

Proof. We write Z = Wi + W 2 , where Wi is rectifiable and W 2 is not rectifiable. 
We now apply Proposition 111.1.11 to get a closed embedding X and L G 

Gr(X, — r — 1,P^) such that (1), (2) and (3)(B) are satisfied for Wi. 

Let Zi be a component of W 2 , so it is not rectifiable. This means that Zi C 
X X {A} for some closed point bi G Bn- Since Zi is an irreducible scheme of 
dimension r which is finite and surjective over X, we must have Zi = X x {hi]. In 
particular, Zi is smooth and Zi = X x {hi]. But this means that 4>{Zi) = P^ x {bi] 
and hence 0“^((/)(Zj))red = X x {bi] = Zi. This proves the corollary. □ 

11.2. The proof. 

Theorem 11.2.1. Let V = Spec (i?) be an r-dimensional smooth semi-local k- 
scheme of geometric type with the set S of closed points. Suppose that r,m,n > 1. 
Let a G Tz]^(I/,n;m) be a cycle. Then we can find: 

(1) an affine atlas (X, S) for V and a finite surjective map : X ^ A], 

(2) a cycle a G Tz^{X,n;m) with a = oy, and 

(3) an open subset U G A] containing 0(S) with a finite and etale map : 
(t)-\U) U 

such that for every component Z of a, one of the following holds: 

(A) Z is smooth and Z = 0“^(0(Z))red- 

(B) 0+([Z]) is an sk-cycle over V. 

Proof. By Lemmas 12.4.11 and 12.4.31 we can find an affine atlas (X, E) for V and a 
cycle a G Tz^{X,n-,m) satisfying (1) and (2). By Lemma 15.1.51 and Proposition 
15.1.61 after shrinking X, we may assume that each irreducible component of a is 
finite and surjective over X. Choose a closed embedding X A™ and the closure 
X pm as before. 

We choose a closed embedding X ^ P^ with N r such that for a general 
linear subspace L G Gr(X, X — r — 1, P^), the assertion of Gorollarv 111.1.41 holds. 

Let 0 : —)■ [/ be the map of smooth affine schemes as in Corollary 111.1.41 

Let V = Spec (0(7,,^(s)) = Spec Since C X, we see that the 

restriction of (j) on V' is finite and etale. It follows that (j) is finite (and hence fiat) 
over an affine neighborhood of 0(E) in Lf . It follows now from |T6l Exercise III- 

10.2, p.275] that 0 is finite and etale over an affine neighborhood of 0(E) in Lf. 

So, we get an affine atlas (X, E) for V satisfying (1) and (2). The last assertion 
follows directly by applying the property (3) in Corollary 111.1.41 to a. □ 

Finally, we get to the conclusion of ^ [n 
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Proof of Theorem \5.2.3[ From the definition of TCHg£j,(V, n; m), the map sfsy is in¬ 
jective. We prove its surjectivity. By Theorem l7.4.2l we may replace TCH”^(1/, n; m) 
hj TCRUV, n;m). 

Let a G Tz]^(l/, n; m) be an fs-cycle with d{a) = 0. Apply Lemma [2.4.3l to choose 
an affine atlas (X, S) for V and a cycle a G Tz"'(X, n;m) such that d{a) = 0. 
If X ~ Al, we can apply Theorem 16.2.11 to write a = f3 + ^(y), where /3 G 
TZg£g(l/,n;m) C Tz”g(l/,n;m) and 7 G Tz"^(V,n-f l;m). This solves the problem 
in this case. 

If X is not an affine space, we let 0 : X —)■ be the finite and fiat map as in 
Theorem II 1.2. II and let S' = 0(S). Let V' = Spec (C>aj,s') and let IF = X x^r V'. 
So, we have inclusions S C F ^ W ^ X, and a finite and fiat morphism 
0s : IF —)• F' of regular semi-local schemes, where V is 0*(avy)-linear. Let 
j : F —)■ IF be the localization map. 

We can write avp = (pw ~ 4>*(l^*(pw)) + We also have d{(f>^,faw)) = 

(f^iydfaw)) = 0. Since F' is 0*(avi/)-linear, by the previous case we can write 
0*(aw) = hi + ^( 72 ), where rji G TZgfg(F', n; m) and 72 £ Tz"'(F',n + 1; m). This 
yields 0*0* (a^y) = 0*(hi) + 0(0* ( 72 ))- Since 0 : IF —)■ F' is finite and etale, 0* 
preserves the sfs-cycles. In particular, 0*(hi) G Tz”£g(lF,n;m). 

It follows from Theorem 111.2.11 that j*{aw — 0*0*(«iy)) ^ Tz”£g(F,n;m). Let 
0 = j*(aw - (t)*(t)^ipw)) + j*(0*(hi)) and 7 = j*(0*(h2)). Then, we get 

a = j*iaw) = fiaw - + j*<P*iVi) + j*{d{4>*{V2))) 

= j*ipw - 0*0*(ay/)) + i*0*(hi) + d{j*(p*{r] 2 )) = 0 + 0 ( 7 ), 

with 0 G TZg£g(F, n;m) and 7 G Tz"'(F, n -f l;m). Since 0(a) = 0, we must have 
0(0) = 0 as well. This proves the theorem. □ 

12. Surjectivity of the de Rham-Witt-Chow homomorphism 

Let k be any perfect field of characteristic 7 ^ 2, unless stated otherwise. The 
goal of this section is to prove the surjectivity of the de Rham-Witt-Chow homo¬ 
morphism fl4.3p for regular semi-local fc-schemes of geometric type to complete the 
proof of Theorem 14.2.21 In view of Theorem 15.2.31 we need to show that every 
sfs-cycle is generated by cycles that are Witt-Milnor cycles over R, or symbolic 
over R, that is, in the image of the map This will be achieved by a delicate 
usage of the Witt-complex structure on the additive higher Chow groups of regular 
semi-local fc-schemes. 

12.1. Traceability of de Rham-Witt forms via cycles. 

12.1.1. Notion of traceability. Let R —)■ S' be a finite extension of regular semi¬ 
local /c-algebras essentially of finite type and let / : Spec (S) —)■ Spec (R) be the 
corresponding morphism of schemes. Let m, n > 1 be two integers. Given this, we 
obtain a diagram: 

TCH"(S, n; m) 
f* 

TCH''(R, n; m). 


( 12 . 1 ) 
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A problem one faces is that it is a priori unknown if there is a trace map 
—)■ that completes fll2.ip . The main idea here is to use the 

push-forward /* as a trace-like operation on the de Rham-Witt forms via algebraic 
cycles. 

Definition 12.1.1. Let R ^ S he as above. We say that a de Rham-Witt form 
u) G is traceable to R (via cycles) if /* o G Image(r^^). 

12.1.2. Traceability under simple ring extensions. We aim to show in Proposition 
112.1.51 the traceability of the de Rham-Witt forms under “simple extensions” for 
regular semi-local rings. Recall: 

Definition 12.1.2. A ring extension i? C S' is said to be a simple extension if 
there exists a monic irreducible polynomial p{t) G R[t] such that S ~ R[t]/{p{t)). 

Let e = deg(p(t)). Let a := t mod (pit)) in S. Then S' is a finite free extension 
of R with an R-basis {1, a, a^, • • • , We need the following basic fact about 

the ring of Witt vectors. 

Lemma 12.1.3. Let S be a free R-algebra with {xi, • • • , x^} as an R-basis. Let T 
be a finite truncation set. Then every u G Wt(S') is uniguely written as 

e 

n£T i=l 

for some Cn,i G R, where [—ju/n denotes the Teichmuller lift in WT/n{.R), (ind W 
is the n-th Verschiebung operator. 

Proof. Its proof is similar to that of m Lemma 2.20], for instance. Let u = 
{un)n£T G Wt(S'). Suppose uj ^ 0, for otherwise there is nothing to prove. Define 
an operator (p as follows: first choose Sq = min{s G T| a;., 7 ^ 0}. This minimum 
exists because a; 7 ^ 0. Here, cUsp G S' so that there exists a unique expression Ugg = 
I^i=i Cso,i • Xj in S' for some Csa,i G R. Now, define (p(u;) := cv - ■ 

[xiIt/so)- Now, we have either ^{oj) = 0, or 7 ^ 0. In the former case, the 

argument stops, while in the latter case, there exists Si := min{s G T| g){uj)s 0} 
and by construction si > sq. We repeat this process. Since |T| < cxo, there exists 
iV > 1 such that eventually {iS) = 0. □ 

When S is a simple extension, and T = {1, • • • ,nT,}, we immediately deduce 
^ = E^i EjZlVi([cij]im/ii ■ 

Recall from [CT Proposition A.9] that for a hnite free extension of rings R —)■ S, 
and m > 1, there is a trace map Tr^/^j : Wm(S) —)■ Wm(R) which commutes with 
the Frobenius and the Verschiebung operators, and satishes other usual properties 
of the trace maps. This Tr^/^ is given as follows: for the finite free extension 
R[[t]\ —)■ S[[f\], we have the norm map 'Lis/n ■ (*S'[[t]])^ —)■ (-R[M])^ given by the 
determinant of the left multiplication maps, which induces Ng/^j : (l-|-tS'[[t]])^/(H- 
^m+i^[[^]])x (l-|-tR[[t]])^/(l-|-t™'+iR[[t]])^. This N 5 /ij is the dehnition of Tr^/T^ 

via the identification fl3.1l) . 
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Lemma 12.1.4. Let R G S be a simple extension of regular semi-local k-algebras 
essentially of finite type and let m >1 be an integer. Then the diagram 


( 12 . 2 ) 


^m{S) 








commutes, where f : Spec (S') —)■ Spec (R) is the induced map. 

Proof. Using Proposition 14.1.11 and Lemma 112.1.31 it only remains to check that 
r]^^(Tr 5 /ij([x])) = /*([r(i_a;t)]) for all x e S, where r(i_ 2 ;t) is the cycle in TCH^(S', 1; m) 
corresponding to the ideal (1 — xt) C S[t]. Since [a:] G Wm(S') corresponds 
to 1 — G (1 + tS'[[t]])^/(l + P”+^S'[[t]])^, by the definition of Tr 5 /j:j we have 
Tr 5 /ii;([a:]) = N 5 //j(l — xt). On the other hand, for a polynomial representative 
g{t) G {l + tR[[t]])^/{l + t^+^R[[t]])^, we have by dehnition T^rnidit)) = [r( 5 (p)]- 
Hence, r/^^(Tr 5 /R([a;])) = r/^^(N^/s(l - xt)) = [r(Ns/«(i-xp)]- On the other hand, 
by [m Proposition 1.4(2)], we have /*(div(l — xt)) = [div(N 5 /i^(l — xt))]. Since 
1 — xt and N 5 /ij(l — xt) are regular functions, we have div(l — xt) = P(i_ 3 ;p and 
div(N 5 /R(l - xt)) = r(Ns/H(i-xi))- Hence, we have [r(Ns/fl(i-a:t))] = /*([r(i-xp])- 
Hence, we have Tf^^{Trs/R{[x])) = [r(Ns/H(i-xp)] = /*([r(i-xi)]), as desired. □ 

Proposition 12.1.5. Let R ^ S be a simple extension of regular semi-local k- 
algebras essentially of finite type and let m,n > 1 be integers. Then all elements 
in are traceable to R. 

Proof. Let p(t) G R[t] be a monic polynomial of degree e such that S ~ R[t]/{p{t)). 

Let a = t mod p(t) so that {1, a, • • • , is an i?-basis of S. For m, n > 1, let 
Pn,m be the statement 

Pn,m- all elements in are traceable to R. 

We prove the proposition by a double induction argument on the variables 
[n, m) G N X N. We begin with the boundary cases: 

Case 1: We show hrst that and Pn,i are true. 

Note that the statement Pi^m holds by Lemma [12.1.41 In particular, Pi^i is also 
true. 

Subcase 1-1: To show P 2 ,i, note that every element of Wiflg ~ ^ 5 /z ^ finite 

sum of 1-forms of the type ca^d{c'a^) = cal^^dc' -|- jcc'a^^^~^da for some c, d G R. 

So, we reduce to show that 1-forms of the types cdldd and cal da are traceable for 
all c,c' & R and i > 0. 

For caldd, we have 

/* o Tl^{ca^dd)=^f^ =/* (rf]i(a*) • Tii{f*{cdd))) 

(12.3) (Hp(aO • f* i'^i^iicdd))) =V,(r{]i(aO) • r^ilcdd) 

(Tr5/K(a*)) • r 2 ^i(cdc')=V 2 ^i {TTs/R{a^) ■ {cdd)) . 

Here, the equalities hold because T^n; Unn morphisms of DGAs. The 
equality holds by Corollary 14.1.41 by the projection formula for the additive 
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higher Chow groups and holds by Lemma I12.1.4I We conclude that 1-forms of 
the type ca^dc' are traceable to R. 

Next, for ca^da, note that by the part of definition of a restricted Witt-complex 
in §2.5.2(v), we can write ca^da = cFj+i(i[a], using the Frobenius operator. Hence, 

/* o Tl^{ca^da)=f^ o Tl^{cFi+id[a]) = /* o r|i(/*(c)Fi+id[a]) 

=° /*(Ht(/*(c)) ■ Tii{Fi+id[a])) =1 /, ■ Fi+i(5ri^2i+i(W)) 

=H* (/*( h ^ i ( c )) • Fi+idT^^i+M)) • f*Fi+i6Tf^2i+i{[a\) 

=^Ht(c) • ^i+i^/*H%+i([a])=^HT(c) ■ Fi+i5ri^2*+i(Tr5/A([a])) 

=tr5(c) • Fi+ir2^2i+i(c^(Tr5/A([a]))) H^i(c) • Ti^^Fi+id{Trs/R{[a])) 
=°r 2 ^i (c • Fi+id(Tr 5 /R(a))) , 


(12.4) 


where the equalities =1 hold by fl4.4l) . the equality =1 holds by Corollary 14.1.41 
holds by the projection formula for /* and /*, holds by Proposition 14.1.11 and 
holds by Lemma I12.1.4I and the equalities =° holds because and rjf^ are 

morphisms of DGAs. We conclude that 1-forms of the type ca^da are traceable to 
R. Hence P 2 ,i is true. 

Subcase 1-2: Suppose now that n > 2 and that the statements Pj^i are true for 
all 1 < z < n. It suffices to show that the forms of the type u = Coa^°d{cia^^) A 
• ■ • A d{cn-ia^"~^) is traceable to P, where Cq, • • • , c„_i G R and io, - ■ ■ , in-i > 0 
are integers. Each d{cja^^) is equal to a^^dcj + ijCja^^~^da by the Leibniz rule, so 
that expanding the terms of w, we reduce to show that every element of the form 


Uq := Coo^dci A • • • A dCg A (la A ■ — A da 

n—s—1 


is traceable to P, where 0 < s < n — 1 and cq, - ■ ■ ,Cs E R. 

• Ifn — s — 1 = 0, then the traceability of uj follows by repeating the steps in 
012 .3p in verbatim. 

• If n — s — 1 = 1, let (Uq := a*da so that Uq = codci A • • • A dCg A Uq. Since 

P 24 is true, we can write /*T^i(n;o) some Uq E ^ 

Codci A • • • A dCg E Then, we have 


(12.5) 


f* ° = /* o iv A u'q) 

{rn-i,if*iv) A r 2 ^i(w(,)) 


= (r(^) Aa;(,) 

iv) A 7 - 2^1 «)=^e 5 iv A Wo), 


where the equalities =1 hold because and are morphisms of DGAs, =1 
holds by Corollary 14.1.41 and holds by the projection formula for /* and /*. 
We conclude that ojq is traceable to P. 

• Ifn — 1 — s>l, then cuo = 0 since 2 E , so Uq is traceable to P. 

We have thus shown that P„^i and Pi,m sxe true for all n, m > 1. 

Case 2: The general case. We now show that Pn,m is true in general by using 
double induction on (n, m). Fix m,n>2 and suppose that we know Pij holds for 
all 1 < z < n, 1 < j < m, except (z, j) = {n,m). 

Through the surjection ^ and Lemma 112.1.31 we know that 

every element in is a sum of de Rham-Witt forms of the type oj = 

K-o([co]H*°) • dWi([ci][a]*i) A A dl4.„_i([cn_i][a]*"-i), where Cq, • • • , c„_i G P, 
ro, • • • , Tn-i G {1, • • • , m}, and 0 < Zq, • • • , in-i < e - 1. 
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Subcase 2-1: First, consider the case tq > 1. Let lcq ■= di4-^([ci][a]®i) A ••• A 
In this case, we can write 

^ = K-o([co]H*°) • ^^0 = K-o([co]H*° • ^ro(^^o)) 

by the projection formnla for Vr and Fr (see ^3.3r iiiL. Since cJq := [co][a]*° • 
Frg(u:o) € ^ Is traceable to R by the indnction hypothesis Fn,[m/roj- 

In particnlar, there exists r] e such that /*r;f (w(,) =* (??)• 

This in tnrn yields 

= f*^lmVro{^o) f*Vro^llm/ro\i^o) 

=* Kor,JLm/r-oj(^) '^n,m (Koh) , 

where the eqnalities f hold by (14.5p . j; holds by Proposition 14.1.11 This shows that 
u is traceable to R. 

Subcase 2-2: Snppose now that uq = 1, bnt for some j > 0, we have rj > 1. We 
may assnme that ri > 1, withont loss of generality. We let lcq ■= <^K- 2 ([c 2 ][u]*^) A 
■ ■ ■ A (iI4-„_i([cn-i][a]*”"0- By the Leibniz rnle, we have 

K-o([co][a]*°) ■ dI4.i([ci][a]u) = [co][a]*“ • dK.i([ci][a]u) 

= d{[co][aY° • I4-i([ci][a]u)) - Ki([ci][a]u) • d([co][a]*°). 

Hence, a; = cni — UJ 2 , where Ui := (i([co][a]*° • Wi([ci][a]*0) A ojq and UJ 2 = 
I4'i([ci][a]*0-d([co][a]*°) Acjo- Let uj[ := [co][a]*°-Wi([ci][a]*0 so that cni = du[AujQ = 
d{u:[ ■ Wo). 

Since uj[-ujo G it follows by the indnction hypothesis Pn-i,m that there 

is an element rj G snch that ' '^o) ^n-i miv)- Thns, 

■ uo)) /*5(rn-i,mK • u^o)) 

= ^ ■ UJo) ='^ ST^-l,miv) ^n,midv), 

where the eqnalities =I hold by (I4.4p becanse and are morphism of DGAs, 
=I holds by Proposition 14.1.11 Hence cji is traceable to R. Since UJ 2 is of the form 
considered in Subcase 2-1, it is also traceable to R. Thns, oj is traceable to R. 

Subcase 2-3: Now, the remaining case is when all ro = ri = ■ • • = r„_i = 1, 
he., OJ = [co][a]*°(i([ci][a]u) A • • • A d{\cn-i\WY'^~^)■ Ls proof is almost identical to 
that of Subcase 1-2, which we argne now. Each d([cj][a]u) is eqnal to [a]*^d[cj] + 
ij[cj][aY^~^d[a\ by the Leibniz rnle, so that expanding the terms of u, we are 
rednced to show that elements of the form 

(12.6) Uq := [co][a]*d[ci] A • • • A d[cs\ A d[a] A • • • A d[a] 

'' -V-^ 

n—s—1 

are traceable, where 0 < s < n — 1 and cq, ■ ■ ■ ,Cs E R. 

• Ifn — s—1 = 0, then we can nse Corollary 14.1.41 Lemma [12.1.41 and repeat 
the steps of fll2.3l) verbatim to conclnde that uq is traceable to R. 

• If n — s — 1 = 1, let Wg := [a]*(i[a] so that Uq = [co]d[ci] A ■ ■ ■ A d[cn-2\ A cJq. 

By the part of dehnition of a restricted Witt-complex in §2.5.2(v), we can write 
oj'q = [a]*(i[a] = Fj+i(i[a]. Set rj = [co](i[ci] A ••• A d[cn-2\ G so that 
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Uq = rj A Fi+id[a\. (Remember, here n > 2.) This yields 

A Fi+id[a]) = (/*(//) A Fi+id[a]) 

f*{r^-2,mif*{v)) A Ti^^Fi+id[a]) /* {f*r^_2,m{v) A Ti^^Fi+id[a]) 

=°^n- 2 ,miv) A /* {rlmFi+id[a\) =1 A f,{Fi+iT^^^.^^^^^.d[a\) 

= ^ ^n-2,mid) A /*(^*+l^R®(i+l)m+i(H))=^^»f-2,m(h) A T;+l5/*R^(i+i)^+i([o]) 
=^T-,f_ 2 ,^(r/) A Ri+i5r/^(i+i)^+i(Tr5/R([a])) 

T-,f_ 2 ,m(h) A Fi+ir2^(i+i)^+id(Tr5/R([a])) r^-2,miv) A r 2 ^^F*+id(Trs/i?([a])) 


=t 7-« 


(77 A Fi+id(Tr 5 /R([a])) , 


where the equalities ='!’ hold because and r;f^ are morphisms of DGAs, the 
equality holds by Corollary 14.1.41 the equality =° is the projection formula for 
/* and /*, the equalities hold by (I4.4p . the equality holds by Proposition 
14.1.11 and follows from Lemma 112.1.41 This shows that ujq is traceable to R. 

• If n — s — 1 > 1, we set (Ug = d[a] A • • • A d[a]. Since 2 G and since 

'-V-^ 

n—s—1 

the Teichmiiller lift is multiplicative, we see that 2 G {Wm{S))^. In particular, 
d[a\ A d[a\ = 0 in and hence it is zero in WmC|. In particular, cug = 0 

in so that uq = 0, which is traceable to R. We have thus shown that 

Pn,m holds. The proof of the proposition is now complete. □ 


12.2. Symbolicity of sfs-cycles and Proof of Theorem 14.2.21 In ^12.21 we 

complete the proof of Theorem 14.2.21 using Theorem 15.2.31 and Proposition 112.1.51 
as two key ingredients. We begin the following description of the de Rham-Witt- 
Chow homomorphism on the symbolic de Rham-Witt forms. 


Lemma 12.2.1. Let R be a regular semi-local k-algebra of geometric type, 
a E R and bi G R^ for 1 <i < n—1. Then, r^^([a](ilog[6i] A- ■ ■A(ilog[6„_i]) = 


where Za^b = Spec 


_ R[t,yi,---,yn-i] _ 

,yn-i-bn-i) 


Let 

^a,bt 


Proof. This is an easy consequence of the fact that is a morphism of restricted 
Witt-complexes over R (see § 14.2|) and follows exactly by the method used in the 
computations in |32l (7.5)]. Indeed, by recursively applying the fact that is a 
morphism of DGAs, it suffices to show the lemma when n = 2. 

In this case, we have r 2 ^^([a](ilog[ 6 ])=V 2 ^^([a 6 "^[ 6 ]) = r/^„i([a&"^])A((5or/^^([6])), 
where holds because Teichmiiller lift map is multiplicative. Using the dehnition 
of the differential 6 on additive higher Ghow groups (see [3^ §6.1]), we have 




R 

l,m 


{[ab ^]) A (5 or/^^([6])) = 


= A 



and the last term is equal to Za^ because Aji : Spec (i?) —)■ Spec (R) x Spec (i?) ~ 
Spec {R <Z)k R) is induced by the product map R<Zk R ^ R- D 


Proposition 12.2.2. Let R be a regular semi-local k-algebra of geometric type, 
and let m,n > 1. Then every cycle in TGIIgfg(i?, u; m) is symbolic over R, that is, 
it is in the image of 
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Proof. Let [Z] G TZgfg(i?, n; m) be an irreducible sfs-cycle. By Proposition IS.l.Si 
we know that Z is a closed subscheme of Spec (i?) x K\x , which is in fact 
contained in Spec (i?) x x Moreover, dZ = 0 and the ideal I{Z) of Z 

inside R[t^ ?/i, •' ‘ ) ?/n-i] is given by equations of the form: 

r Pit) = 0, 

(12.7) = 

V Qn—lit-i Vli ' ' ' 1 Un—l) 0, 

with the following additional properties: let Rq = R^Ri = R[t]/{P{t)) and Ri = 
Ri-i[ti\/{Qi-i) for 2 < i < n. Then the rings {Ri\i<i<n are all regular semi-local 
fc-algebras such that each extension Ri-i C Ri is simple. Let /* : Spec {Ri) —)■ 
Spec {Ri-i) be the induced hnite surjective map of semi-local schemes for 1 < i < 
n. They are all flat by [161 Exercise III-10.9, p.276]. Let f = fi ° ° fn- 

Let c~^ := t mod I{Z) and bi := Ui mod I{Z) for 1 < i < n — 1. Note that a 
consequence of the sfs-property of Z is that c~^, bi G R{) for all 1 < i < n — 1. Let 

Zn = Spec - •= [c]c?log[&i] A ■ ■ ■ A d\og[bn-i]. It 

follows then that [Z„] G Tz"'(i?„, n; m) such that [Z] = /*([Z„]). 

It follows from Lemma [12.2.11 that [Z^] = Tff^{r}n). Since /„ is a simple exten¬ 
sion, by Proposition 112.1.51 we have fn*TnfniVn) = Tn,m^iVn-i) for some rjn-i G 
Since / = /i o • • • o /„ and each /j is a simple extension, by successive 
applications of fi* and Proposition 112.1.,^ we obtain [Z] = f*[Zn] = 'Afrn(ho) for 
some r]o G This means that [Z] is symbolic over R, as desired. □ 

Thus, we hnally get to: 


Proof of Theorem \4.2.2\ If k is perfect, we have already shown in Corollary 14.3.21 
that is injective. To show is surjective, hrst by Lemma 14.4.11 we reduce 
to the case when R is of geometric type. For this case, its surjectivity follows from 
Theorem 15.2.31 and Proposition 112.2.21 Suppose now that k is an imperfect held 
such that char(/c) = p > 2. We have shown in Proposition 14.2.11 that there exists 
a direct system of smooth semi-local Fp-algebras Ri essentially of hnite type with 
faithfully hat maps Xi : Ri ^ Ri+i such that li^. Ri ^ R. Hence, we get a 
commutative diagram of restricted Witt-complexes over R: 


(12.8) lii^. ’ > Ih^. TCH”(i?i, n; m) 

^ TCH^(i?, n; m). 

From the case of perfect base helds, the top horizontal arrow is an isomorphism. 
It follows from Lemma 12.4.61 that the right vertical arrow is an isomorphism. It 
follows from im Proposition 1.16] that the left vertical arrow is an isomorphism. 
We conclude that the bottom horizontal arrow is also an isomorphism. □ 
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Corollary 12.2.3. Let k be a field of characteristic 7 ^ 2. Then the morphism 
^ , n; m)zar of ^^3^ is an isomorphism of Zariski sheaves on 

Regfc. 

Ifk has characteristic p > 2, then the morphism WVL^_^^ jp^' —f (—,p*)zar 

is an isomorphism of Zariski sheaves on Reg^ for 0 < i < 00 . 

13. Applications 

In this section, we discuss some applications of Theorem 14.2.21 We let fc be a 
field of characteristic 7 ^ 2 . 

13.1. Gersten conjecture for additive higher Chow groups. Let A be a 

regular scheme over a held k. For a presheaf F of abelian groups dehned on a 
suitable subcategory of Sch^, the Gersten conjecture for the functor F is whether 
the Cousin complex of F is exact. Such results were proven for the higher alge¬ 
braic A-theory on Reg^ by Quillen [iQl Theorem 5.11] using a sort of presentation 
lemma, and since then it is known that various functors satisfy the Gersten con¬ 
jecture. For instance, it was proven for Milnor A-theory (see IMI) and for the de 
Rham-Witt complex (see m)- We have the following answer for additive higher 
Chow groups: 

Theoreui 13.1.1. When X is a regular scheme over a field k of characteristic 
7 ^ 2, the Gersten conjecture holds for additive higher Chow presheaves on X in the 
Milnor range. More precisely, the following Cousin complex on Azar is exact after 
Zariski sheafifications: 

0 ^ rCH^{,n-m)\x^rCW^{K,n-m)^ 

xexm xex(^) 

where A = k{X), and A*^*) is the set of codimension i points. In particular, for any 
point p G A, the natural map TCYF{Ox,p,n]m) —)■ TCH”(A, n;m) is injective. 

Proof. This follows from Theorem 14.2.21 because Corollary 112.2.31 implies that we 
have an isomorphism of Zariski sheaves TCI-F{—,n]m) zar ^ on Regfc, 

and the Cousin complex of the big de Rham-Witt complex on a regular scheme 
is a flasque resolution. In characteristic 0, this is just a direct product of Cousin 
flasque resolutions of the absolute Kahler differential forms In characteristic 

p > 2, when k is perfect, it is just a direct product of Cousin flasque resolutions 
of p-typical de Rham-Witt forms f [T3l Proposition 5.1.2]). When k is not 

perfect and R is the local ring of any point on A, we can repeat the proof of 
Proposition 14.2.11 to hnd a sequence of flat maps of regular local rings {Ri}, which 
are all essentially of hnite type over Fp such that h^. A* = R. Since the maps 
Ri ^ R are all flat, any ideal of A of a given height is an extension of ideals of the 
same height from Aj for all large i 3> 0. Since the homology commutes with the 
direct limit, it follows that the Cousin resolution of TCH"^(A, n;m) is the direct 
limit of the Cousin resolutions of {TCH"(Aj, n; m)}. We conclude from the case 
of prefect helds that the Cousin resolution of TCH"(A, n;m) is exact. □ 
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Remark 13.1.2. Using a Gabber-style presentation lemma, in [3 Corollary 6.2.4] 
it was proven that any reasonable cohomology functors satisfying the Nisnevich 
descent property (COHl) and the projective bundle formula (COH5) must satisfy 
the Gersten conjecture. By m Theorem 3.2] (see also [26l Theorem 5.6]), we have 
the latter for additive higher Chow groups, but the authors yet do not know if the 
Nisnevich descent property holds. 

13.2. Milnor i^-theory and de Rham-Witt forms. As a consequence of The¬ 
orem 14.2.21 we can connect the big de Rham-Witt complex of regular semi-local 
fc-algebras with of their Milnor A"-theory in the following way. Recall from [TOl § 2 ] 
and [H] that there is a Milnor-Chow homomorphism 0^ : K^(R) —)■ CH"'(R, n) 

given by • • • ,5^}) = B4, where Wb = Spec = 

: W^(R) Oz ^ TCH'(R,l;m) (g)^ CH"-'(R,n - 1). Let 

: TCH^(i?, 1; m) (g)^ CH”“^(i?, n — 1) —)■ TCH”(i?, n; m) be the cap product of 
Proposition 12.4.71 

Theorem 13.2.1. Let k be a field of characteristic 7 ^ 2 and let R be a regular semi¬ 
local k-algebra essentially of finite type. Then the assignment (a, 61 , • • • ,5n-i) •—t 
[a]dlog[ 6 i] A ■ ■ ■dlog[&„_i] defines a map : Wm{R) ®z Kffi_fiR) 
such that the diagram 

(13.1) ^m{R) ^ TCR\R, 1; m) (g)^ CH"-i(R, n - 1) 

5n,m 

>TCH”(R,n;m) 

commutes. 


qR 

^n,m 


Proof. Recall that K^{R) is the quotient of the tensor algebra T*(i?^) over Z by 
the two-sided ideal generated by {a (g) 6|a, b G R^, a -f 6 = 0,1}. In any case, we 
have a diagram 


(13.2) 


^ TCH"(fl, 1; m) - 1) 


qR 

n,m 




' n,m 


‘^n,m 

TCH" (R,n;m), 


where ■ • A 6 „_i)) = xd\og\bi\ A- ■ ■ Ad\og[bn-i\. To check the diagram 

fll3.2p commutes, we can use fl3.2p and the identity Vi{[a\ \m/i\) = (1—aT*) to reduce 
to the case when x = [a] for some a & R. But in this case, the commutativity 
of fll3.2p is obvious from the definitions of various arrows. 

To deduce the commutativity of fll3.ip . we need to show that 6 *,^^ factors 
through the quotient Wm{R) Kn-iiR)- Let In-i = ker(T„_i(i?^) ^ ’Kff_fiR)). 
Then we know from m Lemma 2.1] that V’nm kills Wm(R) < 8 )z Ln-i. In particular, 
we get o In-i) = 0. Hence, 7^^ o R-i) = 0. 

But, by Theorem 14.2.21 is injective, so that 0^„^{'WmiR) R-i) = 0. This 
implies that the induced diagram fll3.1l) from fll3.2p commutes. □ 
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Remark 13.2.2. We guess that the map 9^^ is surjective, but do not yet know how 
to prove it. 

13.3. Trace maps for big de Rham-Witt forms. In Proposition 112.1.51 we 

saw that for a simple extension i? C S' of regular semi-local algebras essentially 
of hnite type over a perfect held k of characteristic 7 ^ 2 , all forms in are 

traceable to R for m, n > 1. We used it to prove Theorem 14.2.21 but this in turn 
allows us to construct the trace map on the big de Rham-Witt forms for all hnite 
extensions of regular fc-algebras essentially of hnite type. This answers a question 
of L. Hesselholt: 


Theorem 13.3.1. Let k be a field of characteristic 7^ 2. Let R <Z R' be a finite 
extension of regular k-algebras essentially of finite type. Then there exists a trace 
map Ttjii/r : t transitive; if R G R' C. R" are finite 

extensions of regular k-algebras essentially of finite type, then we have TiRiijR = 
Tri?//_R o Tr/j/z/ij/. 

Moreover, there is a commutative diagram 


(13.3) 


T«' 


Tr 


R'/R 


U 


"^TCH”(R, n; m). 


Proof. Let X = Spec (R), Y = Spec {R'), and f '. Y —)■ X be the associated hnite 
map. We have maps ^ TCH"'(i?, n; m) —)■ 

and similarly for R'. The push-forward on additive higher Chow groups yields the 
corresponding map of presheaves , n; m)|y) -7 TC'H"'{—,n]m)\x- Af¬ 
ter sheahfying and taking global sections, we get /* : , n; m)zar) —^ 

HzaT:{Xi'TC'H^{—,n;m)za.r)- On the other hand, we have a morphism of Zariski 
sheaves , n; m)zar on Sch^ (see 1 13.4p . which is an isomor¬ 

phism on Reg^ by Corollary 112.2.31 

Hence, if we let denote the Zariski sheaf |x (similarly, for Y), 

then we have a push-forward /* : H 2 ar(h", —)■ H 2 ar(-A, But, the 

correspondence X 1 —)■ is a quasi-coherent sheaf of -modules (see 

[TSl §5], for instance), so that the map —)■ H 2 a,,(X, is an iso¬ 
morphism. Similarly, H 2 aj.(y, W^Oy”^) is an isomorphism. Hence, /* 

uniquely dehnes a map, denoted Tt^z/h : —)• By construction, 

commutativity of the diagram 013.31) holds. 

For a tower of hnite extensions R G R' G R", we repeat the above procedure 
to g : Spec (R") —)■ Spec (R') and fog. Spec (R") —)■ Spec(R), and combining 
with the transitivity of proper push-forwards of additive higher Chow cycles, we 
immediately deduce that (/ofi')* = /*ofi'*. □ 

We can generalize Theorem 113.3.11 a bit. We use the following, based on a 
suggestion of M. Spivakovsky: 

Lemma 13.3.2. Let f : A ^ B be a finite extension of noetherian regular semi¬ 
local rings containing a field. Then there exists a perfect field k and a direct system 
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of finite extensions of smooth semi-local k-algebras {fi : Ai —)■ essentially 

of finite type such that 

lin^ Ai = A, 1^ Bi = B and 1^ fi = f. 

i i i 


Proof. Assume d = dim(A) = dim(i?). We can write B = Let 

denote the semi-local ring which is the localization of A[xi, • • • ,Xn\ at the hnite 
set of maximal ideals {mi, • • ■ , mr} such that their images in B are all the maximal 
ideals of B. Let p = ker(A^^ ^ B). Since is regular semi-local, we can write 
p = (i/i, • • • ,l/n) and xxij = {yi, ■ ■ ■ ,yn,x{, ■ ■ ■ ,xfi) for some elements yi, where 
1 < i < n, and x^^, where 1 < i < d and 1 < j < r. 

Now, using the Neron-Popescu desingularization (see |l2l Theorem lA]), we 
can write A = h^. Aj, where {Aj}j>o is a direct system of smooth semi-local 
fc-algebras essentially of hnite type, and k is the prime held of A, which is clearly 
perfect. After leaving out some hnitely many elements in the direct system from 
the bottom, we can assume that po := {yi, ■ ■ ■ ,yn) C Aq”' so that poAl"'! = p. We 
can also assume that gi, -'' Set mjj = n A^f^ for i > 1, 1 < j < r, 

= {mi,i • • • , and Bi = (Af')s,/(|/i, • • • , |/n)- 


Since A —)■ i? is hnite and po C Ag"^, it follows that each Aj ^ Bi is a. hnite 
extension. It is left to show that each Bi is regular to prove the lemma. To 
show this, we only need to check that i/i, • • • , i/n form a part of a regular system 
of parameters in A!f^^ . for each 1 < j < r. Indeed, if they do not form a part 
of a regular system of parameters, then their images in become linearly 


dependent over But this implies that the images of yi, • • • , yn in mj/m| 


become linearly dependent over Al^l/rUj, which contradicts our choice of generators 
of rUj. This hnishes the proof. □ 


Theorem 13.3.3. Let f : R ^ R' be a finite extension of noetherian regular semi¬ 
local rings containing a field of characteristic 7 ^ 2. Then there exists a trace map 
TiRf/ji : ^ It is transitive; if R <Z R! <Z R” are finite extensions 

of regular semi-local rings containing a field of characteristic 7 ^ 2 , then we have 
Avru/r = Airi/r o Airiii^, . 

Proof. By Lemma 113.3.21 we can hnd a perfect held k of characteristic 7 ^ 2 and a 
direct system of hnite extensions of smooth semi-local /c-algebras {fi : Ri ^ II'i}i>o 
essentially of hnite type such that Im. Ri = R, Im. R'- = R' and Im, fi = /. This 
yields a diagram 


(13.4) 




lin^ . Wmfl 


a; 


^ lin^ 




- 

where the top horizontal arrow is the limit of the trace maps of Theorem 113.3.11 
Since the two vertical arrows are isomorphisms by im Proposition 1.16], we get 
a unique trace map Ttri/r : such that the above diagram 
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commutes. The transitivity of this trace map is easily proved using the transitivity 
of the top horizontal arrow and the transitive nature of the construction of the 
Neron-Popescu desingularization in Lemma [13.3.21 □ 

Remark 13.3.4. In 2013, JP was told by K. Riilling that, using 19. i and the 
duality machine in [15], one may prove the existence of the trace map Tir'/r of 
Theorem 113.3.11 abstractly. For the p-typical case, the essential idea can be found 
in m Appendix B]. On the other hand, S. Kelly contacted JP that “using the 
ideas in [23l §3.6,3.7], one may promote a suitable structure of traces on regular 
dimension < 1 essentially smooth /c-algebras to a structure of transfers on smooth 
/c-schemes in the sense of Voevodsky. cf. na Lemma 4.15].” We believe these 
should coincide with the one in Theorem 113.3.11 e.g. by modifying the argument 
of Proposition 112.1.51 one may show the uniqueness of the trace subject to fll3.3p . 

13.4. Comparison with crystalline cohomology. Let k he & perfect held of 
characteristic p > 2. Recall that crystalline cohomology H*(X/hF) of a smooth 
scheme X of hnite type over k was dehned by Berthelot [3| as the cohomology of 
the sheaf (Pv,crys on the crystalline site, as outlined by Grothendieck jH]. Bloch 
showed that for a smooth proper scheme of dimension < p, this cohomology could 
be described in terms of the Zariski hypercohomology of a complex of relative 
JL-theory sheaves. With an idea of Deligne, Illusie constructed the p-typical de 
Rham-Witt complex whose Zariski hypercohomology is the crystalline cohomology. 
The following is a new description of crystalline cohomology in terms of algebraic 
cycles, which is a cycle-theoretic avatar of the iP-theoretic description of |1]: 

Theorem 13.4.1. Let X be a smooth scheme of finite type over a perfect field k 
of characteristic p > 2. Then for n >0, there is a canonical isomorphism 

(13.5) K^,(XIW) ~ 

i 

Proof. It follows by Corollary 112.2.31 that the map of the complexes of Zariski 
sheaves fjx '■ WLT^/p^ TC'H^^{X]p'') Zar[l] OH X is an isomorphism. 

For i > 0, let denote the Zariski sheaf on X associated to the presheaf 

U I—)■ J 3 J, where is the Deligne-Illusie de Rham-Witt complex of 

the ring R. We define the sheaf similarly. It follows immediately from the 

dehnition of Wkl'x (soe § 13.4p that there is a natural map (fx '■ Wkl'x 
of the complexes of Zariski sheaves. Moreover, it follows from [201 Proposi¬ 
tion 1.1.13.1] that (px is an isomorphism. We thus get a set of morphisms of 
chain complexes of Zariski sheaves: 


(13.6) 




<I>X 






TX 


rC77^)(X;p0zar[l]^---hFiG^ 


X,DT 


Here, tx is a natural map of chain complexes which is a quasi-isomorphism by m 
Corollaire 1.3.17]. We conclude that ^jJx°4>x^°'^x^ ■ '^^’^(^)(-^jP*)zar[l] 

is an isomorphism in Th~^{Xzar:)- In particular, the induced map on the hypercoho¬ 
mology is an isomorphism. Taking the limit, we get fll3.5p . □ 
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